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Abstract—We prove that the CORE-MATH binary64 sine
function is correctly rounded.

Index Terms—IEEE 754, binary64 format, correct rounding.

We consider the CORE-MATH sin.c file from commit
6b84457, and the four rounding modes from the C23 stan-
dard: to nearest (ties to even), toward zero, toward —oo,
toward +o00. Our proofs work both with and without FMA
contraction: in case of an expression a - b+ ¢, we bound using
Gappa or by hand the rounding error for the non-FMA case
o(o(ab) + ¢): using an FMA as in o(ab + ¢) suppresses the
error on rounding ab, and the computed bound for o(ab) + ¢
also holds for ab + ¢, thus the outer error cannot be larger.
For reproducibility of our results, all scripts used are available
in the public repository core-math-proof sﬂ and which
scripts are used for each statement is indicated in comment in
the source file sin.tex of this document.

I. BRANCHO < |z| < z9

Let xg = 0x1.7137449123ef6p-26. For x = £0, the
CORE-MATH function returns x, which is the correct round-
ing; and for 0 < |z| < @, it returns fma(z, —27°4, z). This
special branch is only needed to avoid a spurious underflow
in the polynomial evaluation used in the other branches.

Lemma 1: For 0 < |z| < x¢, fma(z, —2754, 2) yields the
correct rounding of sin(z), whatever the rounding mode.
Proof: Since the formula fma(x, —2754, ) is an odd function,
like sin(z), it suffices to consider 0 < x < z( (the mapping
r — —x exchanges the roundings toward 4oco and toward
—o0). First, for 0 < x < 1, we have:

23
T < sin(z) < @. (1)

First consider 0 < = < 2725, Then it follows from Eq.
x — 27%g < sin(x) < . Since ulp(z) > 2753z (even in
the subnormal range), we deduce = — ulp(z) < sin(z) < =,
whence sin(z) and x — 2754z are in (nextdown(z), z), thus
round to the same value, except maybe when x is a power
of two, since then nextdown(z) = z — iulp(z). The case
x = +2F, —1074 < k < —26, is checked exhaustively.

Now consider 2726 < x < x7. We have ulp(z) = 2778,
and we can check that 23 /6 < 277 = Lulp(z). Again, both
sin(z) and x — 27542 lie in (nextdown(z), ), and the proof
proceeds as above. ]

The bound zg is optimal for a formula like fma(z, —275%, z).
Indeed, for x = nextup(zyp), sin(x) rounds to nextdown(z)
to nearest, whereas fma(x, —27%* z) rounds to z. And if
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we use fma(xz, m,x) with a different value of m such that
it rounds to nextdown(z) for x = nextup(zp), then by
linearity of the formula, it would round to nextdown(z') for
x' = nextup(zo/2), which would be wrong.

II. BRANCH 79 < |z| < 23!
In this branch, Algorithm ModerateFastPath is used. The

Algorithm 1 (ModerateFastPath)

Input: z a binary64 number, z < |z| <
Output: the correct rounding o(sin z) or FAIL
1: s « sign(z)

2: 9 =0x1.45£306dc9c883p+12

3 pp,=-0x1.921fb54442d18p-13
4: pp=-0x1.1a62633145c07p-67
5: k + round(o(i - |z]))
6
7
8
9

231

vy < fma(k, pp, |z|), 1o o(k - pe)
cr=o(r, + 1)
s rg < o(r-r)
. write k mod 21° = 21t + 27i; + iy with ¢ € {0,1} and
0 <iq,i0 <27
10: if t =1 then s < —s
11: S1p, S10 < muldd(Slh[il], Slg[il], Cgh[ig}, ng[ig])
12: Sop, Sop < muldd(SQh[iQ], Szg [Z'QL Clh[il]y Clg[il])
13: Sp, Sy + fastsum(sip, S1¢, Son, S2r)
14: Cp 4= o(o(Cn[i1]Canliz]) — o(S1alir] Sanliz]))
15: s1 =10, s3=-0x1.55555553068fp-3
16: co = —0.5, ¢4 =0x1.55555553bfd3p-5
17: Sp <1+ (81 + 83 '7"2)
18: ¢p <= 1o - (co + ¢4 - 12)
19: fp < Sp,  fo < Sp+ Spep + Chsp
200 fo<8-fn, fos-fo
21: €4 0x1.dep-64
22: Uy + frnt+o(fe—e€), up+ fnto(fe+e)
23: if o(fp) = o(uy) return o(¢y) else return FAIL

constant 4 approximates 24 /7:

14
41.496
)

li— —| <27
7r
while the constants p;, and p, approximate —m /24

™ _
lph +pe + ﬁl < 271204
and |p;, + /21| < 2766858 At lines [17H19] we omitted
roundings for clarity, where in line [19] the terms in f, are ac-
cumulated from left to right, as prescribed by the C language.
In Algorithm ModerateFastPath, S;, + .S, approximates sin(z)
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and C), approximates cos(z), where z = t; +to, t; = i17/27
and tg = i277/214.

Algorithm 2 (muldd)
Input: x,, x4, cp, cy binary64 numbers
Output: h, ¢ approximating (xj, + x¢)(ch + co)
1: h+ o(xhch)
2: 4y + fma(zp, cp, —h)
3: £y < o(xpcy)
4: 03 <+ o(xycy)
5: £+ o(o(ly +l3) + £1)

Algorithm 3 (fasttwosum) from [|1]]

Input: a,b binary64 numbers

Qutput: zx,y such that x + y approximates a + b
I: < o(a+b)
2: z4o(x—a)
3 y<+o(b—2z)

Algorithm 4 (fastsum)

Input: x,, ¢, yn, ye binary64 numbers

Qutput: h, ¢ such that h + ¢ approximates xp + ¢ + yn + Yo
1: h,t + fasttwosum(zp, yn)
2: 4 < o(o(wg +ye) +1)

The tables Sip, Sie, Cin, Cies Son, Soe, Cop, Cop are
defined as follows:

o for 0 < iy < 27, Sy;, + Sy is a double-double approx-
imation of sin(¢1), and Cy;, + Cy, is a double-double
approximation of cos(t;), where t; = i;7/27;

e for 0 < iy < 27, So;, + Sy is a double-double approx-
imation of sin(t2), and Csj, + Coy is a double-double
approximation of cos(ts), where to = ipm /214,

Lemma 2: The integer k£ computed at line |5 of Algorithm
ModerateFastPath satisfies:

kn

|z = o14

+v,

with k£ < 2% and |y| < 2713340,

Proof: Since || < 23!, and i < 213, |iz| < 2%, thus 7 - |z
does not overflow at line [5| and k approximates 2'4|z|/m. Let
u=o(i-|z|).

214JJ ) . 214
R T [ [

|k

IN

IN

1 o
5 (i) + 2711450

since |i — 2% /x| < 274149 Since |iz| < 2%, ulp(iz) <

ulp(243) = 279, The term 274149 z| is bounded by 2~41:4%.
231 < 2710496 We thus get:

214|(E|

PR,

k—
| 2

Multiplying by /214, we obtain:

km
|| = 911 + v,
with |y| < (1/2 + 278.562)2% < 9—13.340_ -

Lemma 3: At line @ rp, is exact, i.e., 7, = k- pp + |z|, and

after line

|T‘ _ yl < 2—65.9967

with |r], |ry| < 2713339,

Proof: If |z| < 2714, then |o(i - |z|)| < 1/2 thus k = 0 and
rn, = |z| is exact. Now assume |z| > 27 !4 Then || is an
integer multiple of ulp(2~'4) = 279, Now py, is an integer
multiple of 2792, and since k is an integer, k - pj, + |2 is an
integer multiple of 275, Now let us bound % - pj, + |z| using
|z| = kr/2Y 4+ y:

iy
\kpn + ||| < E[pn + ﬁl + |y
S k . 2—66.858 4 2—13.3408 < 2—133397

using the improved bounds k < i-231+1/2 < 2434 and |y| <
(1/2 + 278:562) /214 <« 2713:3908 Now k - pj, + |z| can be
written m - 2756 with m integer, and |m| < 2713:339 /2766 <
253 thus k - py, + |z| is exact.

Since k < 2% and |p,| < 2756, we have |r,| < 2722 and the
rounding error on r, is bounded by ulp(2723) = 277, Now
recall that |ry,| := |kpy + |z|| < 2713339, thus the rounding
error on 7, +7¢ at line[7)is bounded by ulp(2713-3394.2722)
2766, In summary:

[r =yl <|r— (rn +7re)| + |10 — kpe| + |kpn + 2] + kpe — 9|
™

<2796 1277 4 klpp 4 pe + 517

S 2—66 + 2—75 4 244 . 2—122.041 < 2—65.996.

It follows |r| < |y| + 2765-996 < 213339, n

The bound |r| < 2713339 js tight, since for x =
Ox1.fe8cd2d79106cp+30 and rounding upward, we get
r A 9—13.3417

Theorem 1: For xg < |x| < 23!, and any rounding mode,
Algorithm ModerateFastPath is correct, i.e., if not FAIL, it
delivers o(sin(z)).
Proof: Since s;;, and sg, only depend on i1,i2 and
the rounding mode, we can check by exhaustive search
whether the FastTwoSum condition is fulfilled in
fastsum(s1p, S1¢, S2n, S2¢), which calls fasttwosum(s, sap):
this is the case. Similarly, since Sy, Sy, C, only depend on
11, 12 and the rounding mode, we can determine by exhaustive
search a bound on the difference between S; + S, and
sin(t; + t2), and between Cj and cos(t; + t3), where
tiy = i17/27 and ty = idpm/2'. The largest error for
sin(ty + to) is obtained for i; = 47, i = 36 and rounding
upward:

IS, + Sp — sin(ty + to)] < 27103342 @)

while the largest error for cos(t1 +t2) is obtained for 41 = 106,
1o = 73 and rounding downward:

|Ch, — cos(ty + to)] < 2771569,



(We tried all the possible FMA contractions for the compu-
tation of C}, and within muldd for the computation of S
and Sy.) This exhaustive search also shows that |S;| < 1,
|S¢| < 2751569 and |C},| < 1. The equality between the largest
value of |Cp,—cos(t1+t2)| and that of |S| is not a coincidence:
this happens for values whose arguments differ by 7/2, thus
up to sign, Sj, becomes C},, and Sy an approximation of the
corresponding error term.

For |r| < 2713339 Sollya proves that the difference
between sin(r) and s17+s37> is bounded by 2776494 "and that
between cos(r) — 1 and cyr? + c47* is bounded by 2792723,
Gappa (we used version 1.8.2 everywhere in this document)
proves that the rounding error on sj, is bounded by 2765159,
and that on ¢;, is bounded by 2779299 We deduce:

|3h _ SiIl(T‘)| < 2—76.494 T 2—65.159 < 2—65.1587

lep — (cos(r) —1)] < 2792723 4 9=79.209  9=79.298,

Now since |r—y| < 27599 sin(r)—sin(y) = (r—y) cos(&)
and cos(r) —cos(y) = (y —r) sin(&s) for &1,& € (r,y), thus:

|sn —sin(y)] < 2765158 4 9=65.996 _ 964516

len — (cos(y) — 1) < 2779298 4 9=65.996 9—13.339

< 2778.316

Let 2’ = |z| mod 7. Then 2’ = z + y mod m:

|Sh + Sy + Spep + Chsp — sin(m')|
< |Sh + Se —sin(2)| + |Shen — sin(z)(cos(y) — 1))
+ |Chsp, — cos(z) sin(y)].

The first term of the right-hand side |S, + S¢ — sin(z)]
is bounded by 27193342 from Eq. (2). The second term is
bounded as follows:

|Shen — sin(z)(cos(y) — 1)

< [Shllen = (cos(y) = 1) + |Sp — sin(z)]|cos(y) — 1|
< 9778316 | (951569 | 9-103.342)  9=27.680 o 9—T7.708

since |Sp| < 1, |S, — sin(2)] < |Se| + 27193342 and |y| <
2713:340_Finally, the last term is bounded by:

|Chsp — cos(z) sin(y)|

< |Chllsn = sin(y)| + |Cp — cos(z)][sin(y)|
< 964516 | 951569  9—13.340 _ 9—63.699

Summing up, we obtain:

|Sh + 8¢+ Spen + Crsp — Sin(l‘/)|
< 2—103.342 4 2—77.708 + 2—63.699 < 2—63.698.

We still have to take into account the rounding errors while
computing f, in line and that in o(f; £ €) in line
Since |S| < 2758569 |G| < 1, |en| < |cos(y) — 1] +
2778316 9=27.680 the rounding error on Syc;, is bounded
by ulp(2727680) = 2789 "and that on Sy+0o(Sjcy,) is bounded
by ulp(272767) = 2789 t00. Let o = o(Sy + o(Spcp,)) and

B = o(Chsp). The sum a + (3 is thus bounded in absolute
value by:

2—51.569 + 2—27.680 T 2—13.340 +92. 2—80 4 2—66 < 2—13.3397

thus the rounding error on f; = o(a + ) is bounded by
ulp(2714) = 2766 too. Finally adding +¢ to f, does not make
it exceed 2713 in absolute value either, thus the rounding error
in o(fy=e) is bounded by 2756 too. In fact, since € = 7.46875-
ulp(2714), the rounding error on f,+e is bounded by 0.53125-
ulp(271) < 2766912 "which is the maximal distance from e
to a multiple of ulp(fe). If f; and fy + € are in a smaller
binade, this bound also holds. If f, is in a smaller binade,
but |f; + €| lies in the binade [2714,2713), the sum of the
rounding errors on f; and f, & ¢ is bounded by 2767 4 2766
Thus in all cases, the accumulated rounding errors in lines @]
and 22] are bounded by:

9.9780 | 9. 966 | 9—66.912 _ 964659
We deduce (after fixing the sign of sin(z)):
eb _ Sin(ﬂ'}) < —¢ + 2—63.698 + 2—64.659 < O7

and similarly u;, — sin(x) > 0, thus £, and u;, enclose sin(z),
and if they round to the same value, so does sin(x). [ |

[II. BRANCH |z| > 23!

In this branch, the fast path first reduces the argument
using Payne-Hanek’s algorithm [5]], as detailed in Algorithm
ReduceLarge.

Algorithm 5 (ReduceLarge)

Input: x a binary64 number, x > 231
Output: integer k£ and binary64 number 7 such that z/(27) ~
k/2' + 7 mod 1
I: use a precomputed table 7' such that -, 7;/2° is the
64-bit expansion of 1/(27), with Ty =0

2: write = as m - 2¢ with 252 < m < 253

3: 04 [(e+1)/64]

4: f + emod 64 >0< f<64
5. Uy < (T3, T;41) shifted by f bits to the left

6: Uy < (Ty41,T;12) shifted by f bits to the left

7w Uy - 204 + U, > 128-bit variable
8: v m-u > 128-bit multiplication
9: v ¢ (v + 212 4259 4 252) mod 2128

10: write v = vp, - 2113 + v, with 0 < vy < 2113

—_—
—_

D kv, 727682760y, 2716

Note: instead of shifting the bits of the table 7" in lines [5}
[l another approach is to have several tables with pre-shifted
bits, as described in [3], for a trade-off between memory and
efficiency.

Lemma 4: Let x be a binary64 number, z > 231 Then the
values k and r returned by Algorithm ReduceLarge satisfy:

x k
%:ﬁ—i—r—i—smodl,

with |r| < 2716 and |s| < 2768-988,

3)



Proof: Since m defined at line [2] is an integer, and so is T;
(0 < Ty < 25%), the contribution of T} to the fractional part
of x/(2m) is mT;2¢754. Thus if e — 64i > 0, mT;2¢~ %4 is
an integer, and its contribution is zero. Conversely, if e — 647
is small (toward —o0), its contribution is negligible. This is
the heart of the Payne-Hanek algorithm: only a few values
of ¢ are useful. The value ¢ computed at line [3| is such that
mT;2°7 %4 is the first to contribute to the fractional part. The
value f computed at line [ is such that the lower 64 — f
bits from 7; do contribute. Lines [5] and [ shift the bits of
the table 7', so that mU, contributes exactly 64 bits to the
fractional part: the product mUy has 53 + 64 = 117 bits at
most, its upper bits contributing to the integer part of x/(27).
Similarly, the product mU; has at most 117 bits: it contributes
to bits of weight 27128 to 2712 of the fractional part, thus at
most to 2711, where —11 = 53 —64. The ignored part m (Us +
276403+ - ) contributes less than 275 to the fractional part,
where —75 = 53 — 2 - 64. We thus have with u the 128-bit
variable defined at line [7}

frac(2™ 28 mu) < frac(;) < frac(27 8 mu) + 277,
i

The left inequality frac(27'*®mu) < frac(s%) might
be wrong if 271%mu is just below an integer, and
x/(27) is just above that integer. However, this case can-
not happen, since we know from [4] that the smallest
value of |z mod (7/2)| (centered modulus) is obtained for
x = 0x1.6ac5b262calffp+849, with | mod (7/2)| >
276089 whence x/(2) is at distance at least 27%5% from
an integer. The variable k£ captures the upper 15 bits from
the product mu, while r captures the following 53 bits (with
possibly upper bits being zero). Without line [9] the truncation
error on 7 at line [11| would be less than 2798, thus at the end
we would have:

r k

2 215
with 0 < s < 2768 4 2775 < 2767988 "and 0 < r < 2715,
The addition of 2112 to v in line 9 and the subtraction of 216
from r in line [11] round 7 between —27'6 and 276 instead
of between 0 and 27!, Similarly, the addition of 2°9 4 252
takes into account half of the maximal value of s. In case
v+ 2112 4 259 4 9252 > 2128 the value of v wraps around;
this is not a problem since the ignored carry does not change

+r 4+ s mod 1,

2/(27) mod 1. [ |
The fast path for this branch is detailed in Algorithm
LargePath.

Theorem 2: For |z| > 23!, and any rounding mode,
Algorithm LargePath is correct, i.e., if not FAIL, it delivers

o(sin(z)).
Proof: From Lemma [4 we have
x k
or = ﬁ—i—r—i—smod 1,

with |r| < 2716 and |s| < 2768988 Let 2/ = (—1)!|z|, with
t defined in line 2l We deduce since k& = 2¥¢ + 2741 + is:

sin(z’) = sin(z + y),

Algorithm 6 (LargePath)

Input:  a binary64 number, |x| > 23!
Output: the correct rounding o(sinz) or FAIL
1: s+ sign(z), k,r + ReduceLarge(|z|)
write k = 214+ 2741 +iy with t € {0,1}, 0 < iq,ip < 27

»

3: if t =1 then s + —s

4 s1p, 810 < muldd(Syp[i1], Stelin], Canliz], Corliz])
5: Sop, Sop < muldd(Sgh[ig], Sor [ig}, Clh[il]v Cle[il])
6: Sp,S¢ + fastsum(syp, S10, Sop, S2¢)

7. Cp, < o(o(C14[i1]Canliz]) — o(S1ni1]Sanliz]))

8: 81 =0x1.921fb54442d18p2

9: 53 = -0x1.4abbcdb6b26dlpb

10: cog = -0x1.3bd3cc9bedS5dep4

11: ¢4 = 0x1.03cleeed83083p6

12: 79 < o(r-7)

13: sp < 1-(81+ 83 -13)

14: ¢p < 1o (ca+cq - 12)

15: fp < Sp,  fo < Sp+ Spep + Chsp

16: fn <8 fn, foss-f

17: € ¢ 0x1.01p-63

18: by < fo+o(fe—e€), wp< fato(fet+e)

19: if o(¢,) = o(up) return o(¢y) else return FAIL

with z = tl +t2, tl =
27 (r + s).

For |r| < 2716, Sollya proves that the difference between
sin(27r) and sy7 + s3r® is bounded by 2799373 and that
between cos(277) — 1 and cor? +c47* is bounded by 2783:695,
Gappa proves that the rounding error on s, is bounded by
2764999 "and that on ¢, is bounded by 2778999 We deduce:

7Ti1/27, to = 7Ti2/214, and Yy =

|3h _ sin(27rr)\ < 2769.373 + 2764.999 < 2764.931’

len — (cos(2mr) — 1)| < 2753695 | 9-T8.999 _ 9—T78.044
Now since |27 — y| = [27s| < 272768988 L 9-066.336
sin(27r)—sin(y) = (2rr—y) cos(&1) and cos(2mr)—cos(y) =
— 27r) sin(&y) for &1, & € (27, y), thus:
(y y
lsp —sin(y)| < 2764931 4 9=66:336 _ 9—64.468

len = (cos(y) —=1)| <
< 9-T8.267

2—78.944 + 2—66.336 . 2—13.348

since |y| < 27|r| 4+ 2766336 < 2713:348 "and |sin(y)| < |y|.
Then since sin(z’) = sin(z + y):

|Sh + S¢ + Spen + Crsp — sin(ac’)|
< |Sh 4+ S¢ —sin(z)] + |Spen — sin(z)(cos(y) — 1)
+ |Crsp — cos(z) sin(y)].

The first term of the right-hand side |Sy, + S¢ — sin(z)]| is
bounded by 27193342 from Eq. (2). Indeed, it only depends on



the precomputed values, which are the same as in Algorithm
ModerateFastPath. The second term is bounded as follows:

[Shen — sin(z)(cos(y) — 1)|

< ISnllen — (cos(y) — 1)] +[Sh — sin(z)]lcos(y) — 1]
S 2778.267 + (2751.569 4 27103.342) . 2727.696 < 2777.6817

since |Sp,| < 1, |S, — sin(2)] < |Se| + 27193342 and |y| <
2~13-348 Finally, the last term is bounded by:

|Chsp — cos(z) sin(y)|

< |Chllsn = sin(y)] + |Cp — cos(z)][sin(y)]|
< 964468 | 9-51.569  9—13.348 _ 9—63.675

Summing up, we obtain:

ISy, + Se + Shen + Cpsp, — sin(z')]
< 9-103.312 | 9—TT.681 | 9—63.675 _ 9—63.674

We still have to take into account the rounding errors while
computing f; in line and that in o(f, £ €) in line
Since [Se| < 2791599718, < 1, Jen| < |eos(y) — 1] +
Q- 78.267 L 9=27.696 (he rounding error on Sjcy, is bounded
by ulp(2727696) = 2780 and that on S;+0o(Sycy) is bounded
by ulp(2727-695) = 2780 t00. Now since |C,| < 1 and |sp,| <
|sin(y)| + 2764468 < 2713348 " the rounding error on Cj,sy,
is bounded by ulp(2714) = 2765, Let o = o(Sy + o(Shen))
and 8 = o(Clsy). The sum o+ 3 is thus bounded in absolute
value by:

2751.569 + 2727‘696 + 2713.348 +92. 2780 + 2766 < 2713.3477

thus the rounding error on f; = o(a + () is bounded by
ulp(271%) = 2766 too. Finally adding +¢ to f, does not make
it exceed 2713 in absolute value either, thus the rounding error
in o( fy4-¢€) is bounded by 27 too. The accumulated rounding
errors in lines [15] and [I8] are thus bounded by:

9.9780 | 3,966 ~ 9—64.414
We deduce (after fixing the sign of sin(x)):
ly, — sin(x) < —e 4 2703674 4 g=0644ld

and similarly u;, — sin(z) > 0, thus ¢, and u; enclose sin(x),
and if they round to the same value, so does sin(z). |

IV. ACCURATE PATH

There are two algorithms for the accurate path. For zp <
|z| < 2716, Algorithm AccurateSmall is used, otherwise for
|z| > 2716, Algorithm AccurateLarge is used.

A. Branch x¢ < |z| < 2716

In this branch, we use a very simple algorithm (AccurateS-
mall).

Theorem 3: Given a binary64 number z, z < |z| < 2716,
Algorithm AccurateSmall returns the correct rounding of sin z,
whatever the rounding mode.

Algorithm 7 (AccurateSmall)

Input: z a binary64 number, zo < |z| < 2716
Output: the correct rounding of sinx
c3p, = —0x1.5555555555555p-3
c3g = —-0x1.55554b00de7e8p-57
s =0x1.111111110848p-7

Xop, + ofx - x)

xop < fma(x,x, —x2p)

ho — O(C5 'xzh)

hi + O(CSE + ho)

ha, lo < fasttwosum(csp, h1)

hg,fg — muldd(hg,fg,xgml‘%)
h4,€4 — muldd(h3,€3,x,0)

. h, t « fasttwosum(x, hy)

sl — 0(64 —+ t)

: return o(h + £)

R AN A R ol

— e e
W NN = O

Proof: Let S(z) = = + (c3p + c3¢)x® + c52®. Sollya proves
the following bound for zg < |z| < 2716:

|S(x) — sin(z)| < 2711273 sin x|

We know that xoj, + z9, = x2, whatever the rounding mode.

We analyzed the rounding errors with a Gappa script, which
proves the FastTwoSum conditions are fulfilled at lines
and |11 of Algorithm AccurateSmall, and proves the following
bound for the final values h, ¢ (before the return instruction):

|h 4+ ¢ — S(z)| < 2719S(2)).

We used in this script the fact that the error in the

two FastTwoSum instructions is bounded respectively by

ulpygg(he) < 271%|hs| and ulpyeg(h) < 271%°A).
Combining these two bounds yields:

|h + ¢ — sin(z)| < 27192998 sin x|

If y := sinz has less than 48 identical bits after the round
bit, then y is at distance at least 2~ *%ulp(y) > 27192|y|
from a rounding boundary, since ulp(y) > 27°3|y|. Thus
h + ¢ is closer to sin x than any rounding boundary, and as a
consequence h + ¢ correctly rounds to o(sin z).

If sin = has 48 or more identical bits after the round bit, it is
contained in the sin.wc file, and correct rounding is ensured
since the CORE-MATH test suite reports no failure. ]

B. Branch |x| > 2716

In this branch, the accurate path (Algorithm AccurateLarge)
first performs an argument reduction using Payne-Hanek’s
algorithm (Algorithm ReduceAccLarge).

Lemma 5: Let x be a binary64 number, z > 2716, Let
k,o,r be the values returned by Algorithm ReduceAccLarge,
and denote R = r /228, then:

x k

o =553 (—=1)°R + s mod 1, 4)

with |[(—=1)°R| < 27 and 0 < s < 27127999,



Algorithm 8 (ReduceAccLarge)

Algorithm 9 (AccurateLarge)

Input: z a binary64 number, z > 2716
Output: integer k, sign bit ¢ and 128-bit integer 7 such that
x/(2m) ~ k)21 + (=1)7 - /228 mod 1
I: use a precomputed table 7" such that -, T;/2° is the
64-bit expansion of 1/(27), with T_1 =T =0
write x as m - 2¢ with 252 < m < 253
i [(e+1)/64]
f < emod 64 >0<f<64
Uy < (T}, T;+1) shifted by f bits to the left
Uy < (T;11,Ti12) shifted by f bits to the left
Us < (Ti42,T;+3) shifted by f bits to the left
u+— Uy -2+ U; > 128-bit variable
v (m-u+ [(m-Usz)/25]) mod 2128
write v = k - 2115 4+ 1 with 0 < r < 2115
if r < 211 then 0 «+ 0
else k < (k+1) mod 23, o < 1, r < 215 —p

R A A
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Proof: The beginning of the proof is the same as in Lemma [4}
the product mU, contributes exactly 64 bits to the fractional
part of z/(2n), of weights 276* to 27%; the product mU;
contributes to bits of weight 2728 to at most 2712 of the
fractional part (since m has 53 bits, mU; has 117 bits at most);
and the additional product mU; contributes to bits of weight
27192 to at most 277 of the fractional part. If Us, Uy, ... are
the next (ignored) shifted words, their contribution is less than
m(Us 4+ Uy27 + Us27128  .)27256 < 27139 Let mU, =
h254 4 ¢ with 0 < h, ¢ < 264, Then:

X _ m(U0264 + Ul) + h

14
o = 5128 4+ —— +tmod 1,

9192

with 0 < ¢ < 27139, The value of v at line [9] is exactly
m(Up2%% + Uy) + h modulo 2'28, thus after this line we have
2/(21) = v/21%8 § s mod 1, with 0 < s < £/2192 4 27189 <
27127999 The final lines and round k to nearest,
ensuring —2714 < (—1)°R < 27 instead of 0 < R < 2713,
leaving the sum k/2'3 4 (—1)? R invariant. |

The main algorithm for the accurate path in this branch
is Algorithm AccurateLarge, which uses auxiliary algorithms
mhUU, evalPS and evalPC described below. Some remarks
about Algorithm AccurateLarge:

« this algorithm mainly deals with 128-bit unsigned inte-
gers representing values in [0,1). In the proof we use
small letters to denote these 128-bit unsigned integers,
for example r at line [T} and capital letters to denote the
corresponding rational value, for example R = r/2'2%;

o the constant 75 approximates 2'267, thus U = u/2!?8
at line [6] of Algorithm evalPS approximates 27 R, Us
approximates (27 R)2, and U, approximates (2mR)*;

o the precomputed values Si[i1] := s1[i1]/2!?® and
Cili1] := e1[i1]/2'?® approximate sin(t1) and |cos(t1)]
where t; = iy /2%. We have sin(t;) > 0, cos(t;) > 0
for 47 < 32, and cos(t1) < 0 for 32 < iy < 64;

Input: = a binary64 number, |z| > 2716
Output: the correct rounding of sinx

1: k,o.,7 + ReduceAccLarge(|z|)

22 ifx >0theno <+ Oelse 0«1

3:if k>22 theno+ 1—o

4: write k mod 2'2 = ;25 + iy with 0 < iy,iy < 2°
5: Stq,Cty Sl[il], Cl[il], Sty Cty < 82[1.2},02[1.2}
6: A< mhUU(s¢,,¢t,), p < mhUU(cy,, St,)

7:if 4y <32 then s, <~ A+ pelse s, < A—pu

8: A <~ mhUU(et,, ¢r,),  p  mhUU(sy,, 8t,)
9: if iy <32thenc, + N —p else c, < N +
10: s, <— evalPS(r), ¢, < evalPC(r)

11: wy < mhUU(s,,¢.), wq < mhUU(e,, s,)

12: if (¢1 < 32 and o, = 0) or (i; > 32 and o, = 1) then

S — wi + wo
13: elif wqy < wgy then s <+ wy — w1, 0+ 1—0
14: else s < wy — we
15: return ul28tod(s, o)

o the precomputed values Solia] := s2[iz]/2'%® and
Cslia] = caliz]/2'%® approximate sin(tz) and |cos(to)]
where to = mis /212, We have sin(t3), cos(ta) > 0;

« since all computations are done with integers (except the
final rounding done by routine ul28tod at line [13), the
error analysis does not depend on the rounding mode;

o line [7] uses the relation sin(t; + t2) = sin(¢1) cos(t2) +
cos(t1) sin(tz2), adjusting the sign when i; > 32 since
then cos(t1) < 0 but the value stored in ¢;, is nonnega-
tive. Then S, approximates sin(27z) with 27z = t1 +1ta;

o line [0 uses the relation cos(t; + t2) = cos(t1) cos(t2) —
sin(¢1) sin(¢2), adjusting the sign when i; > 32 since
then cos(t1) < 0 but the value stored in ¢, is nonnega-
tive, and C, approximates |cos(27z)|.

Algorithm mhUU approximates the high part of the product
of two 128-bit values, by splitting each one into two 64-bit
parts, ignoring the product of the lower parts, and truncating
the middle products. If A, B are the corresponding rational
values a/2'?8 and b/2'?8, then C = ¢/2'?8 approximates A -
B.

Algorithm 10 (mhUU)

Input: a,b two integers, 0 < a,b < 2128
Output: c approximating ab/2'?8

1: write a = a;2%* + a; with 0 < ap,ap < 264
2: write b = b,2%% + b, with 0 < by, by < 264
3: h < apby

4: mq < apby, me < agbp,

5:

¢ h+|my/264] + [my/264]

Lemma 6: If a,b are two integers, 0 < a,b < 2128, ¢ =
mhUU(a,b), A =a/2'%8, B =1/21%8, C = ¢/2'?8, then:

0<AB-C<3-271%8,



Proof: Let my = m1,2*+mqy and mo = mop,254+meay, with
0 < mip, Mg, Map, Mae < 254 Then we have ¢ = apby, +
map + map. It follows: ab — 2128¢ = (my, + mag)2%4 + agby,
thus 0 < ab — 2128¢ < 3. 2128, |

Algorithm evalPS approximates sin(27R) for 0 < R <
27,

Algorithm 11 (evalPS)

Input: a 128-bit integer r, 0 < r < 2114

Output: s, approximating 2128 sin(27r/2128)

e = 0xffffffffffffffffffffffffff££c396
c3 = 0x2aaaaaaaaaaaaaaaaaaaadodece8f872e
cs; = 0x222222222222220467b898367fb1249
c7 = 0xd00d00bfff5ee

o = 0xc90fdaa22168c234c4c6628b80dclcdl
u <— mhUU(mg, 8r)

ug < mhUU(u, u)

uy  mhUU(ug, uz)

Ugp, — Lu2/264j

S5 ¢ C5 — C7U2p

s1 ¢ ¢1 — mhUU(ce3, ug)

s9 < s1 + mhUU(s5,u4)

: 8p < mhUU(s2,u)

R AN A R > e
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Lemma 7: Given as input 0 < r < 214 the value s,
returned by Algorithm evalPS satisfies:

|S, — sin(27R)| < 27125314,

Proof: Let S(l‘) =Chix— 031‘3 + 0533‘5 — 07337, where C; =
c; /212 for i € {1,3,5} and C7 = c7/2%. Sollya proves that
for | X| < 2m - 2714 < 2711348,

|S(X) — sin(X)| < 27128:601,

)| <
Since r < 2!, 8 does not overflow at line[6] and is therefore
exact. For 0 < r/2128 < 2714 our Gappa script proves 277 <
S5 1= s5/212% < 276 thus s5 does not underflow. It also
proves 0.999999 < S; < 1, thus s; does not underflow either
(since C7 < 1 and mhUU(c3,u2) > 0, we cannot have S; =
1). It also proves that so does not overflow. Finally it proves:

S, — S(27R)| < 27125471,
Adding the Sollya bound 27128601 a4t X = 27 R concludes
the proof. |

Similarly, Algorithm evalPC approximates cos(27 R). In the
real code, the computations of u, us, uy and usj, are shared
between evalPS and evalPC.

Lemma 8: Given as input 0 < r < 24 the value c,
returned by Algorithm evalPC satisfies:

IC, — cos(2rR)| < 27125:539,

Proof: Let C(x) =V, — Voa? + Vyzt — Vea® + Via®, where
Vi = v;/2'28 for i € {0,2,4,6} and Vg = vg/25%. Sollya
proves that for | X| < 27 - 2714 < 2711:348;

|C(X) — cos(X)| < 27128,

Algorithm 12 (evalPC)

Input: a 128-bit integer r, 0 < r < 2114

Output: ¢, approximating 2'28 cos(27r /2128)
vo=0xfffffffffffffffffffffffffffffffet
Vg = OxT7fffffffffffffffffffff£f££fa998bf0
vy = 0Xaaaaaaaaaaaaaaaaaalcaecc94962c’
vg = 0x5b05b05b05ac1a642013bc289028b6
vy = 0x1a0193d9%a550c

o = 0xc90fdaa22168c234c4c6628b80dclcdl
u < mhUU(mg, 8r)

ug ¢ mhUU(u, u)

uy  mhUU(ug, uz)

Ugp Lu2/264j

T Cg < Vg — UsUap

: ¢q  vg —mhUU(cg, ug)

i ¢ < vg — mhUU(vg, uz)

¢ ¢+ mhUU(cyq, uq)
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where the bound is attained for X = 0. For 0 < r/2128 <
271 our Gappa script proves 2719 < Cg < 279, thus cg
does not underflow. It also proves 275 < 0y < 274, thus ¢4
does not underflow either; and it proves 0.999999 < Cj <
1 — 27128 thus cq does not underflow either. It also proves
0.999999 < C, < 1—-27128 thus ¢, does not overflow. Finally
it proves:
IC, — C(2nR)| < 27125529,

Adding the Sollya bound 2712% at X = 27 R concludes. W

Theorem 4: Given a binary64 number =z, > 2716,

Algorithm AccurateLarge returns the correct rounding of sin z,
whatever the rounding mode.
Proof: We let the reader check that the sign of the result
is correct: at line [[l we reduce the absolute value of =z
modulo 27 into 27(z + (—=1)°" R + s), with z = k/2!3 and
R = r/2'28, whereas the sign bit is kept in o at line
Then if & > 2'2, we flip the sign bit using sin(27z) =
—sin(2rz — w), where z becomes z — 1/2. At the end,
W1 approximates sin(2mz) cos(2rR) and W, approximates
|cos(2mz) sin(27R)|. If 4; < 32 and o, = 0, then both z and
R are in the first quadrant, thus all terms are positive: we add
wy + we. It works similarly for the other cases. The routine
ul28tod first applies the sign bit to .S, then rounds it according
to the rounding mode.

Now assume = > 0 for simplicity, ¥ < 2'2, i; < 32 and
o, = 0, so that z is in the first quadrant and o = 0. We know
from Lemma [3] that

i:z—l—R—i—smodL
2w

with |s| < 27127999 Since sinx is contracting, it yields:
sin(27(z + R)) — sin(z)| < 27125-347, 6))

The rational 75/2!28 approximates 27/8 downward:

To 2

2:=5ms =5

— €1,



with 0 < ¢; < 27130642,
An exhaustive search over all possible values of 1, i
bounds the maximal error for s, at line

S, — sin(2mz)| < 27125691

212

where the maximal error is obtained for i; = 12 and i =
53, which corresponds to 27z = 821/2'27. It also shows
0 < s, < 2128 _ 3, where the minimal value is obtained for
i1 = 19 = 0, and the maximal one for i; = 32, i5 = 0. A
similar exhaustive search bounds the maximal error for ¢, at
line

|C, — |cos(2mz)|| < 27125-691

where the maximal error is obtained for ¢; = 44 and i, = 53,
which corresponds to 27z = 7/2 + 821/227, which explains
why we get the same bounds. It also shows 0 < ¢, < 2128 _3,
where the minimal value is obtained for i1 = 32, i = 0, and
the maximal one for iy = iy = 0.

After the computation of w; and ws at line a Gappa
script proves:

W1 —sin(27z) cos(2R)| <
W5 — | cos(2mz) sin(27R)|| < 27

If iy < 32 and o, = 0, then cos(27z),sin(2rR) > 0, thus
W, approximates cos(27z)sin(2rR) and w; + wy approx-
imates 2'2®sin(27(z + R)); if iy > 32 and o, = 1, then
cos(2rmz),sin(2rR’) < 0 with R’ = (—1)°"R, thus Ws ap-
proximates cos(27z) sin(27r R’) too, and w1 +ws approximates
2128 gin(27(2+ R’)). Otherwise, cos(27z) sin(2mR) < 0, thus
we have to subtract wy from wq, and adjust the sign, which is
what the algorithm does. In all cases, the total error is bounded
as follows:

IS — sin(2m(z + R'))| < 27124405 | 9124762 _ 9—123.572

2= 124.405

)

124.762

Combined with the bound from Eq. (E[) we obtain, taking into
account the sign bit o:

‘(_1)05 _ Sln(.’E)| < 2—123.572 + 2—125.347 < 2—123.202. (6)

We have to check that the computation of wi + wo
does not overflow at line [12] since then the result would
be near 0O instead of near 1 (up to sign). We know from
[4] that the smallest distance from a binary64 number to
a multiple of 7/2 is about 2760888 attained for 2+ =
0x1.6acbb262calffp+849, with sinz™ ~ 1, thus for
all binary64 z, |sinz| < |sin(zt)| < 1 — 2712278 Since
W1 + Wy approximates | sin(27(z + R))| with error bounded
by 27123572 ‘and |sin(27(2 + R)) —sin(z)| < 27125347 from
Eq. (§), we obtain:

Wl + W2 <1-— 2—122.78 + 2—123.572 + 2—125.347 < 1.

Now assume [sinz| > 2727 and y = sinx has less than
43 identical bits after the round bit. Then if ¢ is a rounding
boundary, |y — ¢| > 27 *ulp(y) > 27123, since |y| > 2727
implies ulp(y) > 277. Thus Eq. (6) shows that (—1)°S is
closer to sinz than any rounding boundary, thus rounding
(=1)9S yields the correct rounding of sin .

All inputs such that sin x has 43 or more identical bits after
the round bit were computed in [2], and are included in the
sin.wc file. The CORE-MATH test suite checked they are
correctly rounded, for all rounding modes, and with or without
FMA contraction.

It remains to prove correct rounding when |sinz| < 2727,
In this case, necessarily & = 0 or k = 2'2 in Algorithm
ReduceAccLarge, i.e., x is near a multiple of 27 or an
odd multiple of 7, since otherwise from Eq. @), with z =
k/213, |z + R| > 2714 — 27127999 and |2 + R — 1/2| >
2~ 14 _ 9-127.999 " which from Eq. is incompatible with
lsinz| < 2727 If 2716 < || < 7 — 2727, this cannot
happen. Thus necessarily we have |z| > 3. Using Lefevre’s
algorithm, in each binade [26_1726), for 2 < e < 1024,
we generated all binary64 inputs such that [sinz| < 2727,
which implies |z mod 7| < asin(27%7) < 2726999 and
kept those for which sinz is at distance less than 27106
from a rounding boundary (the bound 27'23 would have
been enough, but we wanted to find a non-empty set). We
added these inputs to sin.wc, and checked they are correctly
rounded for all rounding modes, with and without FMA
contraction. For example, in the binade [21923 21024) e
found 15 such inputs, from 0x1.28fe30a8ce991p+1023
to O0x1.£7c1520fe316p+1023. Among these inputs, we
found sinx is closest to a rounding boundary (in absolute
value) for x = 0x1.0951808d5c44dp+765, with sinx at
distance about 2719457 from a rounding boundary, which

leaves more than 3 guard bits with respect to the bound
9—123.202 n

V. EFFICIENCY

Figure [T] compares the efficiency of several implementations

of the binary64 sine function for 1 < z < 20, We see all
implementations have two regimes: one for small inputs with
an ad-hoc argument reduction, and one for large inputs, with
Payne-Hanek’s argument reduction. The threshold between the
two regimes differs between implementations: around 2'° for
LLVM libc, around 2'° for the Intel library, around 22! for
AMD libm (with a spike around 2'4), around 22° for GNU
libc, and around 23! for CORE-MATH. Note that only CORE-
MATH and LLVM libc are correctly rounded; they also have
the fastest Payne-Hanek reductions. Extending the graph up
to 21924 gives a similar behaviour.
Acknowledgements. The author thanks Eric Hennenhoefer
(with the help of AI) and Pierre-Jean Spaenlehauer (with the
help of Claude Opus 5.5) who helped to fix several issues in an
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