The CORE-MATH acosh 1s correctly rounded
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Abstract—We prove that the CORE-MATH binary64 hyper-
bolic arc-cosine function is correctly rounded.
Index Terms—IEEE 754, binary64 format, correct rounding.

We consider the CORE-MATH acosh. c file from commit
ba60363. The function acosh(x) is only defined for x > 1
(see Figure [T). It is mathematically defined as follows:
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Fig. 1. Graph of acosh(z) on [1,10].

acosh(x) = log(z + v a2 — 1).

This shows that asymptotically, acos(x) behaves like log(2x).
The case z = 1 is checked separately.

I. BRANCH1 < 2 < x¢

Let xp = 0x1.1e83e425aee63p+0. For 1 < x < =z,
CORE-MATH uses a polynomial approximation from the
reduced argument z = z — 1 (which is exact), and using
v/2z. Since this branch contains only about 248.9 inputs, an
exhaustive search is possible. During this search, we found
that a previous error bound was too small, for example
r = 0x1.00a800422847ap+0 was not correctly rounded
with rounding toward zero, with/without FMA contraction.

II. BRANCH zg < o < 111.75

This branch first computes a double-double approximation
tn + ty of x + +/x2 — 1, then uses Algorithm FastPath (see
§V), with 2z at line 3| replaced by ¢1,, and g at line[T7)replaced
by o(t¢/tr). The main idea why this works is that log(t;, +
ty) ~ log(ty) + te/tn, where Algorithm FastPath precisely
approximates log(t,) + g. We now perform a rigorous error
analysis.

Since the error analysis of the approximation of log(ty)
is already done in §V] it suffices to bound the difference
between acosh(x) and log(ty) + g. For this, we need to

detail how ¢;, and g are computed. This is done in Algorithm
ComputeThG. Note: at lines [5}6] instead of computing i,

Algorithm 1 (ComputeThG)

Input: z a binary64 number, o < z < 111.75

Output: binary64 numbers ¢, and g such that log(ty) + g
approximates acosh(x)

Top, + ofx - x)
wp, < o(xap — 1) > exact
wy + fma(z, z, —x9p) > exact

Sp — O(\/Fh)

ish — o(O.5/wh)

s¢ < o(o(wyp — fma(sp, $p, —wp)) - o(sp - isn))
th, up < fasttwosum(z, sp,)

ty O(Ue + Sg)

g < o(te/tn)
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which approximates 1/(2wy,) and multiplying by s, which
approximates 1/(2,/wy), one could divide by 2sy,, but this
yields a worse reciprocal throughput.

Firstly, since 1 < z9, < 2, wy, = o(za, — 1) is exact,
since o, can be written m - 2¢ with m, e integers, 252 < m <
253 and —52 < e < —39. Thus zo, — 1 = m’ - 2¢, where
m/ =m — 27¢ is an integer, and 0 < m/ < 2%3.

Secondly, wy = fma(xz,z, —xop) is also exact at line 3]
since the rounding error of a product is always exactly
representable, whatever the rounding mode (error-free trans-
formation or EFT). Thus we have wy, +w, = 22 —1. Moreover,
since wy represents the rounding error in xo, = o(x?), we
have |wg| < ulp(xap). Since ulp(wp,)/ulp(xap) > 0.25 (the
minimum being attained near x), it follows |w,| < 4ulp(wy)
thus |wy| < 2750wy,

For rounding to nearest, it is known that s = o(y/x)
followed by ¢ = —fma(s, s, —z) is an error-free transforma-
tion (EFT) [2]]. However this is no longer true with directed
roundings. Consider for example a precision of 3 bits, and
x = 10. Then s = RU(y/x) = 3.5 and s> — x = 2.25
is not exactly representable on 3 bits. Thus if we denote
t = —fma(sp, sp, —wp) the quantity computed at line @ we
don’t always have s? +t = wy,.

Lemma 1: Let x a positive p-bit number, s = o(y/z) and
t = —fma(s, s, —x). Then whatever the IEEE-754 rounding
mode:

|s? +t — x| < 2" Pulp(z).

Proof: Without loss of generality, we can assume 1 < x < 4.
Let u = 27P, We first deal separately with the case where z is



the largest binary64 number below 4 and rounding upwards,
ie,x=4—4u. Then s =2, t = —4u, and s+t — z = 0.

Otherwise, we always have s < 2, thus ulp(s) = 2u, and
s —2u < y/x < s+ 2u. On the one hand, noting r = x — $2,
we have:

Ir| = |vVx + 5| - [VT — 5| < (25 + 2u) - (2u) = 4su + 4u®.

Since s < 2 — 2u, this yields |r| < 8u. On the other hand, r is
a integer multiple of ulp(s)? = 4u?2. It follows r = m - (4u?)
with m integer, |m| < (8u)/(4u?) = 2P*1. If m is even, then
r is representable on p bits, ¢ = r, thus sP4+t—z=01If
m is odd, then r is not representable on p bits, but |t — 7| =
4u? = 2177 . (2u) < 21 Pulp(z). [ |
This bound is tight and attained. For example in binary32,
consider z = 0x1.00962ep+0 and rounding toward zero.
Then s = 0x1.004b0ap+0, ¢ = 0x1.0048e6p-22, and
|82 +t — x| = 2746 = 21 Pulp(z).

Next, we analyze the difference between s, + s, and
vz —1.

Lemma 2: In Algorithm ComputeThG, let t; the value
computed at line [7] and ¢, the value computed at line [§] Then
whatever the IEEE 754 rounding mode, we have:

+ /3:2 _ 1)| S 2792.939.

Proof: Denote ¢ = —fma(sy, Sp, —wp), and t' = wy + t.
Let us first bound the difference between s;, + ¢'/(2s),) and

Va? —1 = Jup, T wg:

[th +te — (x

t/
sp+ — — x21’ — Jw 1+—
2sp, Wh,
< +t/ N
— = w
= SN

+ Vwy, - ‘,/1+W(1+2wh)‘. (1)

Since |wy| < 4ulp(wy) as shown previously, the term |wp/wy,|
is bounded by 4ulp(wy,)/wy, thus by 2759, Since |1+ u —
(1 +u/2)| < 0.126 - u? for |u| < 278, using u = wy wh,
the term |y/1 4+ we/wp, — (1 + wg/(2wh))| from Eq. (1) is
bounded by 0.126(w;/wy)? < 271029

Remembering ¢’ = w;+1, the first term from the right-hand
side of Eq. (I) is bounded as follows:

'
ot Sen 23h ( nt 2\/ h)‘
‘wg| 1 1
< L Bhl=———|
< |sn+ Vwn > s T v 2

For the first term of the right-hand side from Eq. (Z), we have:

. + ot \/7’ (sn +t/(2s1))% — wh|

sp+t/(2sp) + r
Applying Lemma E] with x = wp, s = sp and t = ¢, the
numerator of the right-hand side from Eq. (3) is bounded by
27%2ulp(wy,) + t?/(4s3). With the notation from the proof
of Lemma [I} we see that ¢ = — o (—r), thus since |r| <
8u = 27°°, we have |[t| < 27°°, and [t|/s® < 2750 since

3)

1 < s < 2. When z in Lemmaﬂ] (thus wy, here) is scaled by
22k s = o(y/z) is scaled by 2%, and t = —fma(s,s, —z) is
scaled by 22%, thus t/s? is invariant, and ¢2/(4s2) < 27°2¢|.

We split the analysis according to z. For ¢y < x < 16, we
have wy, < 28, |t] < 2744, s, > 0.502, thus 2752ulp(wy,) +
12/(4s2) < 2795415 and s, + t/(2sy) + \wn > 1.005,
thus the ratio is bounded by 2795-41%/1.005 < 2795422, For
16 < x < 111.75, we have w; < 12488, |[t| < 2738,
sp > 15.968, thus 27 52ulp(wy,) + t2/(4s7) < 2789415 and
sp +t/(2sp) + wp, > 31.937, thus the ratio is bounded by
2789415 /31 937 < 2794412 We conclude for the bound of

Eq. (3):

t
Sh 4+ nl < 2—94.412. (4)
25h
Now:
‘ A/ WhH — Sh
Sh Sha/Wh '

The numerator is bounded by ulp(sy) by definition, and

since s, > 0.999,/wy,, the denominator is lower bounded by

0.999wy,. Since |we| < 27%%wy, and s;, < 111.75, this yields
2—50

<

~ 0.999

1 1

s

[wel
2

95.998

ulp(sp) < 27

Together with Eq. (@), using 2794412 - 2795:998  9—93.997
we find for the bound of Eq. (2):

sh+t/—( \ﬁ

Now since wy, < 12488, the bound ./wy, - 27102988 for the
last term from the right-hand side of Eq. (1)) is bounded by

12488 - 2—102.988 < 2—96.183.

) ‘ < 2793.997

Adding all together, and using 2793-997 4 2796183  9—=93.710

we obtain:
t/

Sh+ﬂ—

22 — 1] < 2793710,

It remains to add the rounding error in Algorithm Com-
puteThG. A Gappa script proves that the total rounding
error for o < = < 111.75 is bounded by 2794212 (see
Appendix . Using 2793710 4 994212 9-92.939 " thjg
concludes the proof. ]

This branch uses the same algorithm (FastPath) as in branch
32896 < x < x71 (§V), except acosh(z) is approximated
by log(tn) + g where g is the value computed at line [9]
of ComputeThG, instead of log(2z) + g(z) as in Eq. (6).
Concretely, 2z at line [3] of FastPath is replaced by tj, and
g at line is the value computed by ComputeThG. In the
error analysis of we thus simply have to replace the
bound 2766437 for the difference between log(2z) + g(z) and



acosh(z) in Eq. by a bound for the difference between
log(ty) + g and acosh(z):

|log(tn) + g — acosh(x)|
— [log(ts) + g — loa(z + v/ — 1)

< |log(tn) + g — log(tn + te)|
+ [ log(tn + te) —log(z + Va* — 1)]. (5)

The last term of the right-hand side of Eq. (3) is bounded
by 2792939 from Lemma [2| multiplied by a bound on the
derivative of the logarithm on (¢, + t¢,z + v2? — 1). The
derivative of log(¢) is 1/t, and both t;, 4+ t; and z + V22 — 1
are lower bounded by 1.621 at ©x = x¢. This last term is thus
bounded by 2792939 /1 621 < 2793635,

The first term of the right-hand side of Eq. (§) is:

te ty
|log(tn) 4+ g — log(tn(1 + E))| = |g — log(1 + E)‘

Since |t,| < 273754 and ¢, > 1.621, we have |g], |[to/th] <
2737541 /1 621 < 2738237 Since |log(1+u) —u| < 0.502u?
for |u| <278, it follows:

lg — log(1 + tl)| <lg— tl| +0.502 - 2776474,
173 173
The term |g — t¢/ty] is the rounding error on g = o(ty/ty,),
which is bounded by ulp(2738237) = 2791, Since 27! +
0.502 - 2776474 < 9=77-468 e finally get for the bound of
Eq. ):

|log(ty) + g — acosh(z)| < 2777468 4. 9=93.635  9=T7.46T

Replacing the term 2756437 in Eq. (8) by 2777467, we get for
the values ¢}, ¢, at the end of Algorithm FastPath:

|£h + gé _ acosh(x)| < 2—77.467 4 2—73.339 =+ 2—96.018

+ 2762.999+2796.049+2785.878

< 2—62.997

The minimal 9-bit value of the error bound e that works

at line 20 of Algorithm FastPath is thus 0x1.81p-63 >
9—62.997 4 964,

III. BRANCH 111.75 < x < 738

The fast path algorithm for this branch is the same as in
branch 32896 < x < x1 (§|Z[). The only difference is that the
function g(x), which models the difference between acosh(z)
and log(2x), is now of the form:

g(z) =go+ g1z 2 + gzt + g3~ 5,

with:
go = 0x1.5c4b6148816e2p-66,
g1 = -0x1.000000000005cp-2,
g2 = -0x1.7fffffebf3ebcp-4,
g3 = -0xl.aab6691f2bae’p-5.

See Figure 2] Sollya command dirtyinfnorm shows that:
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Fig. 2. Graph of log(2z) + g(z) — acosh(z) on [111.75, 738].

|log(2x) + g(x) — acosh(z)| < 9—66.419

The analysis for the total error in the variable f computed
at line [T1) of Algorithm FastPath is the same as in the proof of
Lemma [3] since f only depends on the significand ¢’, and not
on the exponent e. For the total error on the final value of ¢4, a
modified Gappa script proves it is bounded by 2762-778  taking
into account the rounding error on d,, and |¢;| < 27112, The
total error is thus bounded by:

|6n, + £y — acosh(z)| < 2766419 4 9=73.339 4 9=9G.018

4 2—62.778+2—96.049+2—85.878
< 2—62.665.

Since 2762665 1 964 < ¢ a5 soon as € > O0x1.c3p-63, the
end of the proof of Lemma [3 applies.

IV. BRANCH 738 < z < 32896

The fast path algorithm for this branch is the same as in
branch 32896 < z < z; (§V). The only difference is that the
function g(x), which models the difference between acosh(x)
and log(2z), is now of the form:

g(z) = go + g1z~ + gox ™4,

with:
go = -0x1.7£77c8429c6cbp-67,
g1 = -O0x1.ffffffffff214p-3,
g2 = -0x1.8000268641bfep-4.

See Figure [3] Sollya command dirtyinfnorm shows that:
|log(2z) + g(x) — acosh(x)| < 2796-428,

The analysis for the total error in f is the same as in the
proof of Lemma [3] since f only depends on the significand ¢/,
and not on the exponent e. For the total error on the final
value of ¢y, a modified Gappa script proves it is bounded by
2762994 taking into account the rounding error on d,, and
|6¢] < 27112, The total error is thus bounded by:

|6n, + £y — acosh(z)| < 2766428 4 9=73.339 4 9=9G.018
4 962994 4 5-96.049 | 9-85.878

< 2—62.865



le-20

0.5

0.0

15000 20000 25000 30000

5000 10000

Fig. 3. Graph of log(2x) + g(z) — acosh(x) on [738, 32896].

Since 2762865 1. 9-64 < ¢ a5 so0n as € > 0x1.9%ap-63, the
end of the proof of Lemma [3] applies.
V. BRANCH 32896 < z < x7

Let ;1 = 0x1.ap+31. The algorithm used in this branch
is given in Algorithm [2] (FastPath). It uses the following
approximation:

acosh(z) =~ log(2x) + g(x), (6)

where g(z) = go + g1/22. Figure [4] shows how good this ap-
proximation is, and Sollya dirtyinfnorm command gives
a maximal absolute difference bounded by 2766-437,
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Fig. 4. Graph of log(2z) 4+ g(x) — acosh(z) on [32896, z1], where the
abscissa denotes log, x.

Comments about Algorithm FastPath:

« the integer j computed at line |3 is such that 27/2"
approximates ¢'. Then at line [8] » approximates 279/2",
thus 7t is close to 1, thus d, is small at line [0}

o at line[TT]} we omit roundings for clarity, and the binary64
coefficients fjy, ..., f4 are such that (proven by Sollya):

|u+f0u2+f1u3+- : -+f4u6—log(l+u)| < 2785878 (7)

for |u| < 271129,
o at lines[I2H13] Ly, + L, is a double-double approximation
of log 2 with absolute error bounded by 27102-018Since

Algorithm 2 (FastPath)

Input: x a binary64 number, 32896 < z < 23

Output: the correct rounding o(acosh(x)) or FAIL

: go = 0x1.7a0ed2effddlp-67

g1 =-0x1.000000017d4048p-2

- write 2z = 2¢ - (1 + 27°%¢) with 0 < ¢ < 2°2, ¢ integer

:write t = - 247+ d with 0 <4 < 2% and 0 < d < 2%7

: compute an integer j € [0,1024] from ¢,d and tables
indexed by 1

6: write j = i12° 4 iy with 0 < 4y < 2% and 0 < iy < 2°

7ot — 142752

8

9

LT T [Zﬂ . Tg[ig] > exact
: dy < fma(r,t',—1)

10: dyo < o(d?)

1 f 4= dea((fo + de f1) + dea((f2 + do f3) + dea fa))

12: Lp = 0x1.62e42fefa38p-1

13: Ly = 0x1.ef35793¢c7673p-45

14: ), < Elh[iﬂ + Egh[ig} + Lye

15: 01 + O(O(Lge) + O(glg[il] + EQ@[ZQ]))

16: by < o(f +¢1)

17: 2 < o(1/ o (x?)),

18: 43 < O(g "‘rfg)

19: £p < o(dy + {3)

20: € = 0x1.4dp-62

21: by U +o0(ly —€),  up < Ly +0(ly + €)

22: if o(¢) = o(uy) then return o(¢;) else return FAIL

> exact

g+ o(g0 +o(z91))

16 < e < 32 in this branch, and L is representable on
42 bits, the product Lye at line [T4] is exact. Moreover
since Ly, is an integer multiple of 2742 50 is Lye;

o the tables ¢y, and ¢1p are such that ¢1[i1] + £10[i1]
approximates — logry[i;] for 0 < 4; < 2°. Moreover
{1]i1] is an integer multiple of 27%2, and the maximal
absolute error |¢1p[i1] + £1e[i1] + logri[i1]| is bounded
by 2797-066 14,1, [i1]| < 0.70, and |€1,[i1]] < 2743;

o the tables /o), and fop are such that lop[is] + fas[ia]
approximates — log rs[ig] for 0 < iy < 2°. Moreover
loplia] is an integer multiple of 27?2, the maximal
absolute error |{ap[ia] + fa4[ia] + log rafiz]| is bounded
by 2797'033, ‘ézh[igﬂ < 0.03, and |€2g[i2]| < 2743;

e since Lpe, ¢1p[i1] and fop[io] are integer multiples of
2742 50 is their sum at line [14] and this sum is bounded
by 32-0.70 + 0.70 + 0.03 < 24 < 247 . 2742 thus ¢,
at line [T4]is exact (and the order of summation does not
matter);

o at lines [T5I9] we accumulate several small quantities
to d,, to form the lower part of the approximation of
acosh(z), the upper part being ¢;, computed at line
We accumulate these quantities from the smaller one
to the larger one (in absolute value) to minimize the
rounding errors.

Lemma 3: For 32896 < z < xp, Algorithm FastPath is
correct, i.e., if it does not return FAIL, the returned value is
the correct rounding of acosh(z).



Proof: We know from Sollya that:
|log(2z) + g(x) — acosh(z)| < 9—66.437

Algorithm FastPath approximates log(2zx) + g(z) by £5, + £e.
Let us analyze the different rounding errors line per line.

At line [8] r1[i1] is a 20-bit approximation of 2-"1/2° and
79[is] is a 20-bit approximation of 2%/ 2" thus the product
r1li1] - m2fia] is exact, and it approximates 9-3/2",

By checking the extremal values of ¢’ for a given j, for all
Jj € [0,1024], taking into account the way j is computed (we
refer to the source code for this), we can prove that at line [9]
we have |d,| < 271129 where the maximal value is obtained
for 5 = 46.

Using a small Gappa script, we are able to show that the
total rounding error on f at line taking into account the
rounding error on the FMA at line [0} and the rounding error
at line [10] is bounded by 2773-339, and that | f| < 2723575,

At lines the difference between Lj, + L, and log 2
is bounded by 27102018 and will be multiplied at lines
by e which is bounded by 32, yielding an error of at most
9—96.018

We have seen above that the computation of ¢, at line [T4]
is exact.

Another Gappa script shows that the cumulated rounding
errors at lines is bounded by 275%-999 taking also into
account the rounding error in the FMA computing d,, at line[9]
and shows that [¢y] < 2711-287 after line

Since the difference between fip[i1] + f1¢[i1] and
—log r1[i1] is bounded by 2797966 and that between fop, [i2] +
logliz] and —log ra[iz] by 2797033 this yields an additional
error of at most 2—97-066 4 9—97.033 _ 9—96.049_

Taking also into account the error from Eq. (7)) on approx-
imating log(1 + u), the total absolute error is bounded by:

|€h + ZE _ acosh(:c)| < 2766.437 + 2773.339 + 2796.018

+ 2762.999_’_2796.0494_2785.878
< 2—62.870. (8)

Now since ¢, < 2711287 we have |{, + | < 2711286
thus the rounding error on ¢, & € is bounded by 2754, Thus
¢, — acosh(z) < —e + 2792870 4 964 < (. Similarly,
up — acosh(z) > e — 2762870 _ 9=64 > ( Thus ¢, <
acosh(x) < up, whence if ¢, and u;, round to the same value,
so does acosh(z). [ |

The minimal 9-bit value that works for this branch is e =
0x1.99p-63.

VI. BRANCHz1 <z

The fast path algorithm for this branch is the same as in
branch 32896 < x < x1 (§M). The only difference is that the
function g(x), which models the difference between acosh(z)
and log(2x), is now g(z) = 0. As seen on Figure [5| the
difference |log(2z) — acosh(z)| decreases on [x1,2%°] (and
further decreases for larger values), thus it is bounded by its
value at x1:

|log(22) — acosh(z)| < 27954,
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Fig. 5. Graph of log(2x)—acosh(z) on [z, 240], where the abscissa denotes
log, .

In Algorithm FastPath, since ¢ = 0, we simply ignore
lines[T6H{T7] A modified Gappa script shows that the cumulated
rounding errors at lines [T3}{I9] also taking into account the
rounding error on d,, is bounded by 27%2-999 This yields the
bound:

0 + 0y — acosh(z)| < 27634 4 9-T73:339 4 9-96.018
|

4 2762.999+2796.049+2785.878

< 962747
Since 2762747 1 9764 < ¢ a5 soon as € > 0x1.b2p-63, the
end of the proof of Lemma [3 applies.

VII. ACCURATE PATH

Since we did an exhaustive test of branch 1 < x < g, we
only have to prove the accurate path for x > xg. The accurate
path is detailed in Algorithm AccuratePath.

Remarks: the approximation @ at input is computed as
0(0x1.71547652b82fep+0-{,), where ¢, is the (rounded)
approximation from the fast path. For > 21023 2, = 22
overflows at line [TT] the actual code is using a trick to avoid
this overflow, that we don’t detail here for simplicity. At
line |16} ¢1[i1] is a 26-bit approximation of 2711/2" t,[iy] a
26-bit approximation of 2%/ 2 s [i3] a 26-Dbit approximation
of 2-%/2" and t, [i4] a 26-bit approximation of 2-14/2"° thus
the products ¢1[i1] - to[ia] and ts[is] - t4[i4] are exact.

From [1, Theorem 4.1], we know that Algorithm TwoSum
satisfies, if all the roundings are faithful:

|s+t— (a+b)| <272ulp(s).

After line ﬂ;fl of Algorithm AccuratePath, z;+ 2, is a double-
double approximation of z++/22 — 1. We analyze in Lemma@
how accurate this approximation is.

Lemma 4: After line @ of Algorithm AccuratePath, we

have:
l2n + 20 — (x + Va2 = 1)] <2791,

Proof: For 2o < = < 226, x4, is exact in line [2| (EFT for
multiplication), thus zop, + 9 = 2. At line ty, is exact too
(same argument as wy, in Algorithm ComputeThG). Assume



Algorithm 3 (AccuratePath)

Algorithm 5 (TwoSum)

Input: = > x a binary64 number, a = log,(z + V22 — 1)
Output: y;, + y, approximating acosh(x)/2

1: if 2 < 225 then

2 Zop =o(x - x), x90 = fma(x,x, —xop)

3 tp, = o(wep — 1), wp,wp = fasttwosum(ty, xo;)
4 sp=o(ywn)

5: s¢ = o(o(wy — fma(sp, sp, —wp))/(2sp))

6 2, z¢ = fasttwosum(z, sp),  2z¢ = o(z¢ + $y¢)
7: 2, z¢ = fasttwosum(zp,, z¢)

8: else if z < 2°2 then

9 zn = 2z, zp = o(—0.5/x)

10: else

11: zn=2x, 20 =0

12: write 2z, =t-2° with 1 <t <2

13: v o(a—e+0x1.00008p+0)

14: i+ [216(v —1)]

15: write 3 = 2'24; + 284y + 2%3 + i, with 0 < 4; < 16 and
0<19,13,14 < 16

16: t10 <t [’Ll] 'tQ[iQ],

17: ty < O(tlg 't34)

18: djp < O(th, . t), dy + fma(th, R dh)

19: sp < O(tg . t), Sy fma(tg,t, Sh)

20: xp, xp + fasttwosum(d, — 1,dy)

21: g < O(.’L‘g + zg2_e)

22: xp,xp < adddd(xp, g, Sp, S¢)

23: egg < oo - € where fog = 0x1.62ed42fefa38p-2

24: epy < fo1 - e where fo7 = 0x1.ef35793c768p—-46

25: eg9 < o(la-€) where foo = -0x1.9££0342542fc3p-91

t34 < 13 [23} -ty [24] > exact

ty < fma(t12, t3q, —th)

26 H + H, [21] + Hg[iz] + H3[Zg,] + H4[Z'4] > exact
27: M + M, [7,1] + Mg[ig] + M3[i3] + M4[i4] > exact
28: L+ Ll[il} + Lo [7,2] + L3[i3] + L4[i4]

29: H «+ H + ey > exact

30: pp, pe < PolyEval(zy, z/)
31: qh,qe < adddd(pfupfa €41, 642)
32: rp,re < adddd(qp, ge, M, L)

33: yp, z¢ < fasttwosum(H,rp),  ye < o(ze +7¢)

Algorithm 4 (adddd)

Input: double numbers x, x4, Sh, S¢

Output: double-double approximation s+¢ of xp+x,+sp+S¢
1. 8,4 < TwoSum(zp, sp)
2: £+ o(l 4 o(xy + s4))

271 <z < 2¢ for 1 < e < 26. Then t;, < 2%¢, and t
and x5, are integer multiples of ulp?(z) = 2267196, Thus the
significant bits of ¢;, and 9, cover at most a range of 106 bits,
thus their exponent difference cannot exceed 53. By Lemma 1
from [3]], the FastTwoSum at line [3]is exact: wy + wy = tp +
z9; = 2 — 1. We thus have:

Input: @ and b binary64 numbers
Output: s+ t approximating a + b
s« o(a+1b)

a' <+ o(s—1b)

b+ o(s—a)

0q o(a—a’)

Op O(b - b/)

t < o(ds + 0p)

AN A

The first term is the rounding error when computing sy
and sy, while the second term is the mathematical error
when approximating /1 + u by 1 4+ u/2 for u small (here
u = wy/wy,). Since the FastTwoSum at line [3|is exact, wy is
the rounding error when computing w;, = o(tp, + x2¢), thus
|we| < ulp(wy,), and |we/wy| < 27°2. For |u| < 278, we have
[V1+u— (1+u/2)] < 0.126u2, and since 0.126 - 27104 <
2106-988 'the second term is bounded as follows:

|Vwp + —— QW — Vwp, + we| < 27196988 . (9)
For the first term, denoting t = —fma(sp, sp, —wp):

)l (10)

|sh + 80 — (Vw

\ﬁ
t

< [ _

<|sn+ . Vwn| + 2

For the first term of the right bound of Eq. (TT):

Jwn] < (50 4 t/(251))* — wal
= sp+t/(2sh) + Jwn
< |s? +t+12/(4s3) — wy|
sp+t/(2s1) + /wn
Let €; be the rounding error in the computation of ¢, i.e.,
t =wy, — s7 + €1, then:

t
lsp, + 25, Vwp| <
Sh

|sh+ff

lex + %/ (4s3)]
sp+t/(2s) + Jwp,

From Lemma [1} we know |e1| < 2752ulp(wy,), and from the
proof of Lemma [l} we see that |[¢| < 8u < 4ulp(z), thus
t2/(4s3) < 4ulp(x)?/s2. Using s5, > 0.449z (sp,/z is mini-
mal near o), it follows ¢?/(4s?) < 4/0.449%(ulp(x)/z)?

2799689 Using s, + t/(2s1,) > 0.999,/wy, and ulp(wy) <

27524y, it follows:
9104, 4 9—99.689

¢
| <
[sn + 2sn wn| < 1.999/wy,

Since wy, > 0.252, 2799:689  9=97.700,,,, " thus

sh—&—i— Wi < 2798681 f- - 9—98.681,
2
sh,

(12)

Ish+ 50— Va2 — 1| = \Sh + 80 — Jwn T wi For the second term of the right bound of Eq. (TT):
<lsn+ 50— (Vwn+ 5 )|+|F+——\/m| we Wy Jwd o
\/ \/ 25h 2\/wh| 2$h,,/wh | Wh Sh|



Since |\/wy, — sp| < ulp(sp) by definition, and |we/wp| <
2752 it follows:
wy

25h |<2 105\/7<2 105

Q\ﬁ 13)

For the third term of the right bound of Eq. (TIJ), it comes
from the error on w, — ¢ and that of the division by 2s:

‘ wg-i-t‘
2Sh
o(wy +t o(wy +t wy +t
< fsp - 2l poluert) _wetd)
2sp 2sp 2sp,

The second term is bounded by ulp(u)/(2sp) where u =
we + t. Since [t| < 4ulp(x) and |wy| < ulp(wy) < ulp(z?),
we have |u| < ulp(z?) +4ulp(z). It can be easily shown that
lu] < 2750-09322 in this range, thus reusing s; > 0.449z:
ulp(u)/(2s,) < 2190-847% The first term is bounded by
ulp(s¢) and has the same bound:

lo(u)]

S 2101.847x.
2sp

ulp(sy) < 27525, < 2752

In summary:

|S@ Wy +t| < 9100847,
Sy '

Plugging Eq. (I2), Eq. (I3) and Eq. (I4) into Eq. (TI), we

obtain:

(14)

|Sh + 8¢ — ( )‘ < 9798376,

\ﬁ

Adding the mathematical error from Eq. (9), we get:

Va2 -1l < 998372,

Now after zp,zy = fasttwosum(x, sy), the rounding error
of the FastTwoSum is either zero for rounding to nearest, or
bounded by ulp;ys(zp) using Theorems 9-11 from [3], where
zp, < 2z. This rounding error is thus bounded by ulp;y4(2z) <
27104z, And since |2¢| < ulp(z,) after line [§] of Accuratepath,
and |sg| < o(u/(2sp)) < 2749847, we have |z, + s¢| <
27522 | 42749847y < 27493y thys the rounding error on
o(z¢ + s¢) is bounded by ulp(274%-31y) < 27101314 Thys
after line [0} using 2798372 4. 27104  9=101.311 o 9—98.169,

(x+ V22 — 1) < 2798169,

Now after line [7] we have another potential rounding error
bounded by ulp;yg(2n) < 271%2, which yields:

—(z+ Va2 — 1) < 279813,

For 226 < z < 252, we have z;, =
ze = o(—0.5/x), thus:

lzn + 20— (x+ Va2 = 1) = |z + zp — /1 — 1 /22|
0.5 0.5
<le———ay/1-1/22|+| — — — 2.
x x

For |u| < 278, we have |\/1+u — (1 +u/2)| < 0.126u?,
thus |y/1 —1/22 —(1—1/(22%))| < 0.126/z*. The first term

above is thus bounded by 0.126/2* - x < 27106-9887. gince

|sp + se —

‘Zh—‘ng —

‘Zh + 2p

2x (which is exact) and

0.5/2 < 2727, the second term is the rounding error while
computing zp, which is bounded by ulp(0.5/x) < 27%3 /2 <
271054 since = > 226. We conclude in this case:

(z+ Va2 -1) < 9104.675 5,

For 2 > 2°2, we have z;, = 2z (which is exact) and z, = 0.
Then:

|z + z¢ —

x4+ Va2 —1)| =z —zy1—1/23|.

For |u| < 278 we have |\/1+u — 1] < 0.501]ul, thus
|v/1—1/22 — 1] < 0.501/2:2. We conclude in this case:

— (x4 Va2 —1)| < 27104997,

|Zh—|-Zz —

|Zh + 2y

Lemma 5: After line @ of Algorithm AccuratePath, denot-
iIlg r = tl[il], o = Ifg[ig], ryg = t3[i3], r4 = f4[7;4], and
R = ryrorsry, we have:

|z + a2 — (R-T — 1)] < 27103677,

where T'= 27%(zp, + 2¢).
Proof: We have seen t15 and t34 are exact, and t), + t, =
t1o - t34 at line |L7| (EFT for multiplication), thus:

th +te = R.

Similarly, dp + dg
after line [19] thus:

=ty - t after line [I8] and s, +sp = t; - ¢

dn+dg+sp+sg=R-t.

We wrote a Sage program that, for all possible values of
11,19, 13,14, finds extremal values of = giving these values, on
subranges where i1, 1s,1%3,%4 remain constant. This program
proves |dp, — 1] < 2717529 thus dj, — 1 is exact at line
and the rounding error of the FastTwoSum call is bounded by
ulp;(2717520) = 27123 (Theorems 9-11 from [3]). This
program also proves |z¢| < 2753 after line 21| thus the
rounding error on x, at line 21| is bounded by ulp(2~°%) =
27196, Finally before line 22} |z)| < 2717520, |z, < 2753,
|sn| < 2753, [se] < 27107,

It follows from the analysis of adddd and TwoSum that
after line lzp| < 2717319 Since [s + £ — (2, + sp)| <
2752ulp(s) after lineof adddd, and |s— (zp+sp)| < ulp(s),
we deduce [¢| < (1 + 2752)ulp(2717-519) < 2769-999_ Since
|z + 50| < 2753 427197 the rounding error in o(z, + s¢) at
line [2| of adddd is bounded by ulp(2753) = 27105 Then the
rounding error in o(¢ + - --) at the same line is bounded by
27105 t00. The total rounding error of adddd is thus bounded
by (since s from adddd is xj, after line @ of AccuratePath):

2_52u1p($h) +92. 2—105 < 2—103.999.

The total rounding error of lines [T622] of AccuratePath is
thus bounded by:

2—123 +2—106 _,’_2—103.999 < 2—103.677

This concludes the proof. |



Since RT =~ 1 + x3, + x4, we now have:

acosh(x) =~ log(z, + z¢) =~ elog 2 —log R+ log(1+xp + ).

Since e < 1024 and {5, {27 are representable on 42 bits,
ego and ey are exact. The sum o + fo1 + fo5 approximates
log(2)/2 with error less than 27145438 thus after multiplica-
tion by e this induces an error less than 27135438 and taking
into account the rouding error in eys:

log(2) < 9182755

|

? (15)
At lines Hiq[i1] + Mq[i1] + Lq[i4] is a triple-double
approximation of —log(t1[i1])/2 with error bounded by
27146-016 " where H[iy] is a multiple of 2740 and |H;[i1]| <
0.347, M;[i] is a multiple of 279! and | M [i1]| < 27%!, and
|L1[Z1]| < 2_92. Slmllarly for H2 [12] + M2 [22] + LQ[ZQ] which
approximates — log(tz[ia])/2 with error bounded by 2~146-200
and |Hjliz]] < 0.021 (other properties unchanged), for
Hjslis] + Mslis] + Ls[is] which approximates — log(¢3[i3])/2
with error bounded by 27146-143 and | H3[is]| < 0.002 (other
properties unchanged), and for Hy[i4]+ My[i4] + L4[i4] which
approximates — log(t4[i4])/2 with error bounded by 2146376
and |Hy4[i4]| < 0.001 (other properties unchanged). The sum
H at line[26]is thus exact, a multiple of 274°, and |H| < 0.371.
Similarly, the sum M at line 27| is exact, a multiple of 2791,
and |[M| < 2739, Finally, the sum L at line 28] is bounded
by 2790 in absolute value, and the rounding error on L is

bounded by 27142, We thus have:

|H + M + L + log(R) /2| < 27146016 4 9—146.200
1 9—M6.143 | 9-146.376 | 9—142 _ 9141711

—135.4 -1
leco + eo1 + e — € < 27135438 4 9—133

Before line[29] since H is a multiple of 274, | H| < 0.371, {59
thus ey is a multiple of 2743, |eg| < 355, we have H + ey
multiple of 2743 with |H + ego| < 356, thus H + ey is exact.

To approximate log(l + z, + x¢)/2, the code uses a
degree-6 polynomial approximation ¢(z) of log(1 + z)/2 for
|z| < 2717-519 with absolute error bounded by 27128752, The
coefficients of degree 1 to 3 of g(x) are double-doubles, while
the coefficients of degree 4 to 6 are doubles (see Algorithm
PolyEval).

Algorithm muldd is exactly Algorithm 10 from [4]. In [4],
when the inputs are normalized, i.e., v, = RN(zp + x¢),
similarly for ¢j, 4 ¢4, and the precision is at least 4, the authors
give a relative error bound of 7u? for rounding to nearest-
even, where u = 27°3 is the unit roundoff. (A tight relative
error bound of 5u? is given for rounding to nearest-even in
[5, Theorem 2.7].)

Lemma 6: Let xp,x, two binary64 values, with |x,| <
2717519 and |zy| < 2753, then the output values pj,py of
Algorithm PolyEval satisfy:

1 39:
[P + pe = 5 log(1+ ap + )| < 2710599,

Proof: First Sollya proves for |z| < 2717519 4 2753 <
9—17.518.

1
lg(z) — 3 log(l+z)| < Q128752

Algorithm 6 (PolyEval)

Input: z;,x, two binary64 values
Output: pp, + py approximating log(1 + zp, + x¢)/2
o ds < o(wpge), 5 < o(gs +ds)
D dy — o(:chc5), Cyq — O(q4 + d4)
: dg + o(zpeyq)

: Cah, t3e + fasttwosum(gsy,, ds)
30 < o(tar + qar)

: dgh, dgg — muldd(a:h, Ty, C3h, (23@)
: Cap, tog + fasttwosum(gay,, dop,)

: cop < o(dar + o(tar + qar))

o dip, dre < muldd(zp, xg, cop, c20)
: C1p, tre + fasttwosum(qip, dip)

o 1 <= o(die + o(tie + qur))

¢ phype — muldd(zy,, T4, c1p, C10)

© 0 N R W~

—_— =
N = O

Algorithm 7 (muldd)
Input: z;, xy, cp, cy binary64 numbers
Output: h, ¢ approximating (zp + x¢)(cp + c¢)
1: 41 < xpee, b < x40y,
2: hy < xpep, by < fma(xy, cp,
3: Uy < U3+ (61 +€2)
4: h, £ < fasttwosum(hq, ly)

_hl)

Then a Gappa script proves

lpn + pe — q(zp + )| < 2710394,

This concludes since 27128752 4 9-103.94  9-103.939 Thig
Gappa script also proves |py| < 278518 and [p,| <2771, W

Theorem 1: Let x > x( a binary64 number, then the output
Yn, Ye of Algorithm AccuratePath satisfies:

|(2yh + 2y4) — acosh(x)| < 994347

Proof: From the proof of Lemma@ we know |pp,| < 2718518

and [pg| < 277 Since fo1 < 274, |fyp] < 2790 and e <
1024, |es1| < 273° and |eg| < 2780, Thus in the adddd
call from line [31] of AccuratePath, we have |s| < 2718517,
|¢] <277 after TwoSum, and |[¢| < 276%-998 finally, thus the
rounding error of this adddd call is bounded by:

2—52u1p(5) +2—123 +u1p(2—72) < 2—121.6’787

where 27123 accounts for the rounding error in o(x, + sy),

here o(p; + eg2).

For the adddd call from line 32| we have |g;| < 2718517,
lqe| < 2769998 | M| < 2739, |L| < 279, thus inside adddd
we have |s| < 2718516 1] < 2771 after TwoSum, and |¢| <
2709-413 finally, thus the rounding error of this adddd call is
bounded by:

2_52u1p(s)+2_122—|—ulp(2_72) <2—121.1927

where 27122 accounts for the rounding error in o(x, + sy),
here o(gy + L).
At line [33] the FastTwoSum error is bounded by
271%ulp(yy,) using Theorems 9-11 from [3]]. Since |H| <



356 and |rp| < 2718516 we have |ys| < 357, thus

the FastTwoSum error is bounded by 2797. Since |z| <
ulp(357) < 274 and |r,| < 2799413 from above, we have
lye| < 2743999 thus the rounding error on y, is bounded by
279 The total rounding error at line [33|is thus bounded by
9-97 4 9—96 _ 9—95.415

Lemma [] states with z := 2}, + 2z;:

|z — (z 4+ Va2 — 1) < 279843,

from which we deduce:

)| < 2—98.143{
t b

where t lies between z and = + V22 — 1. Since t > 1.621x

for x > xo, we deduce:

|log(z) — acosh(x

—98.143

1.621

Lemma [3] states that RT = 1+ x5, + x¢ + € with || <
27103677 Thys:

|log(z) — acosh(x)| < < 998839,

log(zn + z¢) = elog(2) — log(R) + log(1 + zp, + z¢ + €),

where elog(2)/2 is approximated by the sum eg + ep1 + €42,
—log(R)/2 by H + M + L (before the addition of ey to H),
and % log(1 + xp, + x¢) by pp, + pe. Letting © := zp, + x4, we
have:
€

log(1 —log(1 =|log(l + ——

[log(1 4 +¢) — log(1 +2)] = [log(1 + 1-—)]

S 0.502£ < 2—104.6717

14z
using again |log(1 + u) — u| < 0.502u? for |u| < 278.
Wrapping up, the total error between y; + ¥y, and

acosh(x)/2 is bounded by:

2—99.939 4 2—104.671 + 2—132.755 4 2—141.711 4 2—103.939

—121.678 —121.192 —95.415 —95.347
+ 2 +2 + 2 <2 ,

where 2799939 is from the bound for log(z) — acosh(x)
divided by 2, 27194671 ig the error from the approximation
xp, + x, (Lemma [5| and application of log(1 + u)), 27132-75
bounds the difference between eg + €41 + €42 and elog(2)/2
(Eq. (15)), 2714171 s the error bound for the computation
of H+ M + L, 27103-939 g the error bound for PolyEval, the
terms 27 121:678 and 27121-192 account for the adddd error in
lines and and 2795415 bounds the rounding error of
line Multiplying by 2 yields the bound of the theorem. B

Theorem 2: For any binary64 number x, x > 270, such that
acosh(z) has less than 43 identical bits after the round bit,
if 2y + 2y, is the double-word approximation of acosh(x)
computed by Algorithm AccuratePath, then o(2y;, + 2y,) is
the correct rounding of acosh(z).

Proof: Let y = acosh(x). If y has less than 43 identical bits
after the round bit, then y is at distance at least 2~ **ulp(y)
from a rounding boundary z: |y — z| > 2~ *ulp(y). Since
ulp(y) > 27°3|y|, this yields |y — z| > 2797|y|, and since
x > 270, y > 6.291, thus |y — 2| > 2794347 From

Theorem [T} there is no rounding boundary between 2y, + 2y,
and acosh(z), which concludes the proof. [ |

Since CORE-MATH contains all hard-to-round inputs with at
least 43 identical bits after the round bit, and these inputs
yield no failure, we conclude the accurate path is correct for
x > 270.

For zop < x < 270, we had to compute more hard-to-
round inputs. More precisely, for 12 < z < 270, we had
to compute hard-to-round inputs with at least 42 identical
bits after the round bit, which implies |y — z| > 279y
in the proof of Theorem [2} and the lower bound 12 satisfies
279 . acosh(12) > 2794347; for 2.6 < x < 12, we had to
compute hard-to-round inputs with at least 41 identical bits
after the round bit, where 279 - acosh(2.6) > 2794347; for
1.5 < =z < 2.6, we had to compute hard-to-round inputs
with at least 40 identical bits after the round bit, where
2794 . acosh(1.5) > 2794347, and for o < = < 1.5, we
had to compute hard-to-round inputs with at least 39 identical
bits after the round bit, where 279 - acosh(zg) > 2794347,
Using BaCSeL, we found 22922 new hard-to-round inputs.
All these new inputs are correctly rounded, which proves the
accurate path is correct for x > xg.

Acknowledgements. Many thanks to Claude-Pierre Jeannerod
who checked the correctness of Lemma [I] and pointed out a
typo in the corresponding binary32 example.
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APPENDIX
A. Rounding error in tp + ty

We analyze here the total rounding error in the computation
of tp,ty in Algorithm ComputeThG, where t;, + ¢, approxi-
mates © + v22 — 1. We know that wy, + wy is exact, i.e.,
wp, + wy = x2p, — 1. The rounding errors are that on ¢4, at
line [3 on s, at line [6] on the FastTwoSum at line [7] and on
te at line

We use the following Gappa script, with RND replaced by
all four rounding modes:

@rnd = float<ieee_64,RND>;
X2 = x*X;
x2h rnd= xxx;



W = X2-1;

wh = x2h-1; # exact
wl = x*x-x2h; # exact
S = sgrt (W) ;

Sh = sqrt (wh);

sh rnd= sqgrt (wh);

Ish = 0.5/wh;

ish rnd= 0.5/wh;

t = -rnd(shxsh-wh);

U = wl+t;

u rnd= wl+t;

V = 0.5x(1/sh); # Vv=1/(2sh)
v = shxish;

vr rnd= sh=*ish;

Uv = U«V;

uv rnd= uxv; # uv is sl in the code
# th, ul = fasttwosum(x, sh)

th rnd= x+sh;

z = th-x; # exact

ul = -rnd(th-(x+sh));

tl rnd= ul+tuvy

tr = th+tl;

T = x+sh+UV;

{ x in [0x1.1e83e425aee63p+0,111.75]
-> |tr-T|] in ? }

x2h+wl-X2 -> 0;
wh+wl-W -> 0;
v-V ->
sh* (ish - Ish) + (sh*Ish - 0.5/sh) {sh <> 0};
sh*Ish - 0.5/sh —>
0.5/ (whxsh) * (sh*sh-wh) {sh <> 0};
#@-Wno-hint-difference
Shx*Sh - wh —-> 0;
#@-Whint-difference
th+ul- (x+sh) -> ul-(-(th-(x+sh)));
th+tl- (x+sh+uv) -> (th+ul-(x+sh)) + (tl-(ul+uv));
th+tl- (x+sh+UV) -> (uv-UV) + (th+ul-(x+sh))
+ (tl-(ul+uv)) {sh <> 0};

$ x in 64;

This script proves that the rounding error in ¢;, +t, is bounded
by 2794212 This bound is obtained for RZ.
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