The CORE-MATH acos 1s correctly rounded
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Abstract—We prove that the CORE-MATH binary64 arc-
cosine function is correctly rounded.
Index Terms—IEEE 754, binary64 format, correct rounding.

We consider the CORE-MATH acos. c file from commit
7457819. The function acos(z) is only defined for |z| < 1
(for |z| > 1 it returns NaN), and it decreases from 7 to 0 on
[—1,1] (see Figure . We consider all four rounding modes
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Fig. 1. Graph of acos(z) on [—1,1].

from the C23 standard: to nearest-even, toward zero, toward
+o00, and toward —oo.

I. BRANCH |z| < 2715

In this case we use Algorithm FastPathTiny, which approx-
imates acos(z) by p — (x + 23/6), where p = p;, + py is a
double-double approximation of /2. The fasttwosum routine

Algorithm 1 (FastPathTiny)

Input: z a binary64 number, |z| < 2719

Output: the correct rounding o(acos(x)) or FAIL

ph = 0x1.921fb54442d18p+0
pe=0x1.1a62633145c07p-54
¢=-0x1.5555555555555p—3 > approximates —1/6
t=o(z?), wu=o(c-z), v=o(t-u)

h,w = fasttwosum(py,, —x)

L=o(v+o(w+mpe)), €=0x1.34p-79
by=h+o(l—€), up=h+o(l+e)

if o(4p) = o(up) return o(¢y) else return FAIL

A o e

is defined in Algorithm [2]

Lemma 1: For z a binary64 number, |z| < 271°, and any
rounding mode, if Algorithm FastPathTiny does not return
FAIL, then it yields the correct rounding of acos(z).

Algorithm 2 (fasttwosum)

Input: a,b binary64 numbers
Output: h, ¢ such that h + ¢ approximates a + b

I: h <+ o(a+b)
2: t+o(h—a)
3: £+ o(b—1t)

Proof: Sollya [2]] proves that the absolute error is bounded by
9—78.736.

prec=64;
ph=0x1.921fb54442d18p+0;
pl=0x1.1a62633145c07p-54;
c=0x1.5555555555555p-3;
g=x+c*x"3;

y=pht+pl-q;
d=[-2"-15],2"-15];
dirtyinfnorm(y-acos(x),d);
1.9852337356788177956e-24

We thus have:
I[p — (z + ca®)] — acos(x)| < 2778736, (D)

We then use the following Gappa script to bound the round-
ing error in Algorithm FastPathTiny, with RND substituted by
all rounding modes:

@rnd = float<ieee_64,RND>;
ph = 0x1.921fb54442d18p+0;
pl = 0x1.1a62633145c07p-54;
c = —-0x1.5555555555555p-3;
t = x*xx;

tr rnd= x * Xx;

u = C*X;

ur rnd=c*x;
v = txu;

vr rnd= trsur;

y = —Xj

# h, w = fasttwosum(ph, vy)
h rnd= ph + y;

w = rnd (- (h-(ph+y)));

11 rnd= w+pl;

1 rnd= vr+ll;

{ x in [-1b-15,1b-15] -> x // ph in
/\ 1 (h+1) = ((ph+pl) +(y+v)) | in 2 }

(-1,1]

(htw) - (phty) -> w - (= (h=(ph+y)));



(h+1) - ((ph+pl) + (y+v)) —>
+ (11 - (w+pl)) + (1 -

((h+w) - (ph+ty))
(vr+11l)) + (vr-v);

This script shows that the absolute error is bounded by
9—98.0891.

40— [p— (z + ca®)]| < 27980891,
Combining Eq. (I) with Eq. (2)), we get:
|h 4 £ — acos(z)| < 2778735,

2

With the goal |1| in 2, this script also proves |¢| <
27475012 Thys the rounding error in o(¢ + €) for ¢, and
up at line [7] of Algorithm FastPathTiny is bounded by
ulp(27475) = 27190, Thus since € > 2778735 1 27100 e
have ¢, < acos(z) < wup. By monotonicity of rounding, if
o(¢y) = o(up), this concludes the proof. [ |

REMARK: in the actual code, to avoid a spurious underflow
in the computation of v, we set v = 0 when |z| < z( :=
0x1.cb3b3869747£4p-55, since then acos(x) rounds to
the same value as acos(0). The proof remains correct since
this adds an absolute error less than |cz®| < 27165, Moreover,
for |x| < x, we always have ¢, = u;, thus the accurate path
is never called (Lemma [2)).

Lemma 2: For |x| < zp, and any C23 rounding mode,
Algorithm FastPathTiny never returns FAIL.
Proof: Since zq < ulp(py), at line [5} h is either py, pp +
ulp(pr) or pp — ulp(pp), depending on the rounding mode
and the sign of z. We know from [Theorem 9-11] [3] that
h + w either equals p;, — x, or equals its rounding in double
precision o196(pp, — ). Thus h+ w is decreasing with z, and
since for a given rounding mode and sign of x, h is fixed,
then w is decreasing with x. For each rounding mode, it thus
suffices to check the property is satisfied for x = +x¢. And
indeed, for x = +x(, we have o(¢},) = o(u;) for all rounding
modes. |

A. Accurate path

This branch uses the same routine for the accurate path as
in which is proven correct in

II. BRANCH 2715 < |z < 274

For |z| < 0.5, the code computes the integer j = |270(2?)],
and a polynomial approximation of asin(z) indexed by j is
used:

g(z)=z-(co+c1+tlcatest+---+ crtd)),

where t = fma(x,z,—27"5), and then acos(x) is approxi-
mated by:
3)

where pj, + py is a double-double approximation of /2. The
integer j goes from 0 for 271° < |z| < 274 to 32 for |z]
near 0.5. We only study the case |z| < 27* here. For 274 <
|z| < 0.5, the correctness will be proven by exhaustive tests
in Section [T}

In the case |x| < 27% we have o(2?) < 278, thus
j = 0 (it is easy to check that for * = nextdown(27%),

pn +pe — q(x),

RU(2?) < 27%). In this j = 0 case, Algorithm FastPathSmall
is used, with cg,...,cy be the coefficients for index 7 = 0,
and ¢ simplifies to o(z?).

Algorithm 3 (FastPathSmall)

Input: z a binary64 number, 2715 < |z| < 27*

Output: the correct rounding o(acos(z)) or FAIL
I: pp = 0x1.921fb54442d18p+0

2: pp=0x1.1a62633145c07p-54
3 t=o(2?), z=-x, 2=0

4: to = O(t . t)

5. g2 = o(ca +o(tes)),  hg = o(eq + o(tcs))

6: hg = 0(66 + O(tC7)), g4 = O(h4 + O(tQhﬁ))
7. €9 = 0(92 —+ O(t2g4)), d= O(tGQ)

8: fh = Cp, fg = O(Cl —+ d)

9: 1, fo = muldd(z, z¢, fn, fe)

10: h, £ = fastsum(pp, pe, [, fo)

11: € =o(o(zt),0x1.81p-52)

122 &y =h+o(l—¢€), u,=h+o(l+e)

13: if o(¢p) = o(uy) return o(¢y) else return FAIL

REMARK: in line 1 1| of FastPathSmall, € is negative for = > 0.
In this case, ¢} is an upper bound and w; a lower bound, but
the rounding test remains correct. In the following we assume
€ represents |e|.

Algorithm fasttwosum is the same as in and fastsum
and muldd are given in Algorithms [4] and

Algorithm 4 (fastsum)
Input: a := ay + ayg, b := by, + by double-double numbers
Output: h, ¢ such that h + ¢ approximates a + b

1: h,s < fasttwosum(ay, by)

2: u < ofag + by)

3: £+ o(u+s)

Algorithm 5 (muldd)

Input: x, x4, cp, ¢y binary64 numbers
Output: h, ¢ approximating (xj, + x¢)(cp + co)
h < o(zpep)

01 « fma(zp, cp, —h)

Ly + o(zpey)

L3 < o(xecy)

£ <+ o(o(la+l3)+ ¢1)

EANE - e

Lemma 3: For x a binary64 number, 2715 < |z| < 274,
and any rounding mode, if Algorithm FastPathSmall does not
return FAIL, then it yields the correct rounding of acos(z).
Proof: In [271%274], we can prove with Sollya, for y =
pr + pe — q(z) (see Figure [2)):

10219 - 2770 < (y — acos(z)) /x> < 10985-277°.  (4)

We then use the following Gappa script, with Gappa option
-Echange-threshold=0, with RND substituted by all
rounding modes, EPS substituted by 0x1.81p-52, XMIN
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Fig. 2. Graph of ((pn, + pe — q(z)) — acos(z))/z3 scaled by 279, for
2715 < |z| < 274, where the z-axis gives log, |x|. The blue curve is for
x > 0, the red curve for z < 0.

and XMAX substituted by 271° and 27 for positive x, by
—27% and —271° for negative x, and BND substituted by the
upper bound 10985 - 2~ 7°:

@rnd = float<ieee_64,RND>;
ph = 0x1.921fb54442d18p+0;
pl = 0x1.1a62633145c07p-54;

p = pht+pl; # approximates pi/2
x = rnd(x_);

X2 = X*X;

t rnd= x*x;

zZ = —-X;

cO = 1;

cl = 0;

c2 = 0x1.5555555555555p-3;
c3 = 0x1.33333333333e4p-4;
c4d = 0x1.6db6db6d31£82p-5;
ch = 0x1.£1c71£6889397p-6;
c6 = 0x1.6e874b7045b46p-6;
c7 = 0x1.1£753132271e2p-6;
x4 = xX2xx2;

t2 rnd= tx*t;

g2 = c2+x2x%c3;

g2r rnd= c2+txc3;

hd = c4+x2xc5;

hdr rnd= cd+t+*c5;

hé = c6+x2xc7;

hér rnd= cb6+txc7;

g4 = h4+x4+h6;

gd4r rnd= hdr+t2+«hé6r;
e2 = g2+x4xg4;

e2r rnd= g2r+t2xgdr;
d = x2*e2;

dr rnd= t=*el2r;

fl = cl+d;

flr rnd= cl+dr;

# fhl, fl11 = muldd(z, O,
q = z+*(cO0+£fl);

c0, flr)

fhl rnd= z*cO;

11 = —(fhl-(z*xc0));

12 rnd= zxflr;

# 13=0

fl11l rnd= 12+11;

fhl+fll approximates g
h, 1 fastsum(ph, pl,
h, s = fasttwosum(ph,
rnd= ph+fhl;

= rnd (- (h- (ph+£fhl)));
rnd= pl+fll;

rnd= u+s;

eps rnd= |z*t|*EPS;

1b = h + rnd(l - eps);

# h+l approximates ph+pl+g
y = ph+pl+q;

X3 = X2*X;

£11)

fhi,
fh1)

/e i -

{ x in [XMIN, XMAX] -> fhl // ph in
/\ (lb-y)+x3*BND <= 0 }

(-1,1]

fhl+11l -> z*c0;

(fhl1+f11)-g -> ((fhl+11) - z=*c0)
+ (f11 - (12+11)) + (12 - z*flr)
(h+s) - (ph+fhl) -> s - (- (h-(ph+£fhl)));
(h+1) - (p+ (fh1+£f11)) -> ((h+s) - (ph+fhl))
+ (u - (pl+fll)) + (1 - (u+s));

This script proves:

by —y
23

+10985-2779 < 0.

Combined with Eq. (@), this proves ¢, < acos(z).
A similar Gappa script which differs only by the following
lines proves acos(x) < uy:

ub = h + rnd(l + eps);
{ x in [XMIN,XMAX] -> fhl // ph in
/\ (ub-y)+x3%*BND >= 0 }

(-1,1]

We thus have ¢, < acos(x) < up, whence since rounding is
monotonic o(¢,) o (acos(x)) < o(uy), if o(€y) = o(uy), they
equal the correct rounding of acos(zx).

If we reduce the error bound 0x1.81p-52
to Ox1.d3p-53, the fast path fails for =« =
0x1.7cb54339263fbp—-12 without FMA. On the

other hand, the largest error bound (as a 9-bit number)
we found that defeats the rounding test is Ox1.00p—-52
with x = 0x1.d12b3716d66edp—7. The smallest error
bound we could prove with Gappa for 2715 < |z| < 274 is
Ox1.5fp-52, but it took about 4 hours on our computer,
and this branch of the code shares the same error bound than
274 < |z| < 0.5, for which 0x1.81p-52 was proven to be
enough by exhaustive tests (§ITI). It might be that an error
bound smaller than 0x1.81p—-52 works too, while defeating
the condition ¢, < acos(x) < uy, of the rounding test. Indeed,
it can be that cases where this condition is not satisfied are

+ zx (flr—fl);



far from rounding boundaries, and thus o(¢;) is still the
correct rounding. However, finding the smallest “working”
error bound is only possible with exhaustive search, which
would be quite expensive.

A. Accurate path
The accurate path is analyzed in

HI. CASE274 <z <1

For 274 < |z| < 1, we performed an exhaustive search for
all rounding modes, with and without FMA. This exhaustive
search revealed that a previous error bound was too small.

IV. ACCURATE PATH

In this section we prove the correctness of the accurate path
(routine as_acos_refine in the code) for |z| < 0.5. In
theory, we only have to prove it for |x| < 2% since for
274 < |z| < 1 we performed an exhaustive search (§@),
which checks the accurate path is correct when it is called.
Moreover we know from Lemma [2| that the accurate path is
never called for |z| < x := 0x1.cb3b3869747£4p-55,
thus we assume xg < |z| < 0.5 in this section.

The accurate path takes as input the binary64 number x and
the approximation ¢ of acos(z) computed by FastPathSmall
(¢ = ¢). From ¢, an integer j € [0,32] is deduced by j =~
|64 - |¢ — 7/2|/7]. For our domain of interest |x| < 0.5, we
have 0 < j < 11. Since ¢ < 7/2 for z > 0 and ¢ > 7/2 for
x < 0, we have:

71' .

acos(z) = 5 TIigg 0, )
where F is a minus sign for x > 0, a plus sign for x < 0, and
|0] is bounded by ~ m/128. Indeed, due to approximations
and rounding errors, |0| might slightly exceed 7/128. For a
given j, sign of z, and rounding mode, |0| is maximal at the
boundaries of the range of = with given sign yielding this
value of j. We found that at all these boundaries, |§| < 0.0246.
Eq. (3 translates to:

T .
0= 5 :Fj@ — acos(z), (6)
and to:

sin(d) = cos(j6£4)x F sin(jgz)\/ 1—a2 (7

Double-double approximations of cos(jg;) and sin(jg;)
are tabulated, which yield double-double approximations of
v/1— 22 and sin($). Using a polynomial approximation of
asin(t), we deduce a double-double approximation of . Then
it suffices to plug this approximation into Eq. (5). Five hard-
to-round cases are not rounded correctly by this algorithm,
and need to be dealt with separately.

For simplicity, we omit roundings in lines and of
Algorithm AccuratePath. At lines [TSHI6] we split Sy, d,, into
Sc+ds. (up to rounding), where S, is a multiple of ulp(M) =
2756 and |ds.| < 2756, The same holds for Cj,dy, which
is split into Cs + d¢, at lines This ensures that the
subtraction Cy — S, at line [19]is exact.

Algorithm 6 (AccuratePath)
Input: z, ¢ binary64 numbers, with ¢ ~ acos(z)
Output: pj, + py approximating acos(z)

1. 55 =o(2?), dp = fma(z,z,—s2)

2: Cap, Cop = fasttwosum(1, —ss)

3: Ccop = O(ng — dg)

4: cop, cop = fasttwosum(cop,, cop)

5. ¢cp = O(\/Cgh)

6: ¢p = o(o(coe — fmalep, cpy, —car)) - 0(0.5/cp))

7. P=0x1.921fb54442d18p+0 DP%ﬂ'/Q
8: ] =0x1.45f306dc9c883p+4 > I ~64/r
- j = lo(o (6 P)| - D)]

10: Cp, + Cy =~ cos(jm/64) > tabulated
11: Sy, + S¢ ~ sin(jn/64) > tabulated
12: dgp, = o(|z| = Sp), dse = —Se

13: dch - O(Ch - C}L)’ dC( = O(C[ - CZ)

14: M = 0x1.8p-4

15: S = o(fma(Sh, dep, M) — M)

16: dg. = fma(Sm den, —Sc)

17: Cs = o(fma(Ch,dsh,M) — M)

18: dos = fma(C’h,dsh, —Cs)

19: v = O(Os — SC)

20: dy = (Cpdse + Crdsp) — (Shder + Seden) — (dse —

21: v, d, = fasttwosum(v, d,)

2§ =32 jifz>0,7 =324 ifz<0

23: Vg, dyo = muldd(v,d,, v, d,)

24: v = —sign(x)v, d, = —sign(x)d,

25: let cot + 1% + - - - + c;t® approximating asin(x) where
C; = Cip + cip for i < 4 > tabulated

26: 1 = va(cs + va(ce + vacr))

27 fh7 f@ = pOl}’dd(Ug, dy2,5, ’I")

28: fn, fo = muldd(v, dy, fr, fe)

29: pp, = 0(0x1.921£fb54442dp-5-7)

30: pp = o(0x1.8469898cc518p-53-7')

31: ps = O(—Oxl .fc8f8cbbbbf6cp-102 ]/)

32: py, ps = Sum(fn, fe, e, ps)

33: pp, pe = fasttwosum(py, pe)

34: pe = o(pe + ps)

dCs)

Algorithm TwoSum is Algorithm 4.4 from [4]: From The-
orem 4.1 from [1f], Algorithm TwoSum satisfies, if all the
rounding are faithful:

s+t — (a+b)] < 27%ulp(s). (8)

We split the analysis of Algorithm AccuratePath in three
parts: in we analyze the approximation of /1 — x2,
in §IV-B| we analyze the approximation of sin(d), from which
in §IV-C| we deduce an approximation of § and thus of acos(z)

using Eq. (3).

A. Approximation of \/1 — x2

The double-double approximation cj, + ¢, of V1 — z2 is
computed at lines 146



Algorithm 7 (polydd)

Algorithm 9 (TwoSum)

Input: = = x5, + x, double-double, n integer, a double r
Output: h+/ approximating co+cy-z2+ - -+ (c, 1 +7r)x?" =2
h,t + fasttwosum(c,—1,5,7)
Lot +cno14)
for ¢ from n — 2 downto 0

h, €+ muldd(xp, x4, h, £)

h, e < fasttwosum(c; p, h)

L o(o(l+cip) +e)

AN

Input: @ and b binary64 numbers
Output s + t approximating a + b
s« o(a+1b)

a' <+ o(s—1b)

b+ o(s—a)

0q o(a—a’)

Op O(b - b/)

t < o(dq + 0p)

AN A

Algorithm 8 (Sum)
Input: z; + x, and ¢;, + ¢¢ two double-double pairs
Output: s, + s, approximating (xp, + x¢) + (cn + ¢¢)
1. sp, L < TwoSum(zy, cp)
2: 8y < oo(xg + cg) + £)

Lemma 4: For |t| <277

WI+t—(1+

Proof: We can see graphically that the function f(t) =

(\/1+t — (1 + t/2))/t? is negative and increasing on
[~277,277], thus reaches its maximum in absolute value at
=27 , for which it is about 0.125491. |

Lemma 5: If |¢/h] < 277, then:

t
5)\ < 0.126¢%.

1 2
Vh+ —= — Vh+ 1| <0126 5Vh.
2vh h?
Proof: Apply Lemma ] with ¢ = ¢/h. [ |

We apply Lemma [5| with h = c,% and / = cop, + cop — h, with
Can, C2¢ the values computed at line[d] Our Gappa script proves
|€/h| < 2759415 5o the condition of the lemma is fulfilled,
thus we deduce from Lemma [5] and the fact that ¢;, < 1:

Y4
Ch + =— — VCap + Cop

2Ch < 27103.818' (9)

At line @ the lower term co, is added to —fma(cp, cp, —cap,)
which takes into account the rounding error in cp = o(y/Cap,).
The Gappa script proves:

- —| < 2—102.677. (10)

26h

Combining Eq. (9) and Eq. (I0) we obtain for the values of
Con, Cog at line [ and those of ¢, ¢ at lines {6}

en + o — Vean + cae| < 27102197 (1)
Now we have to bound |cj, + ¢, — v/1 — 22|
‘Ch-ﬁ-cz—M‘ |Ch+Ce—\/m,
Ve ez - VI=22|. (12)
Gappa proves that after line ] |cop, + cop — (1 — 22)| < 27104,

Let « = /cop, +cop and B = /1 — 22, We thus have
|o?—B32] < 2719 thus |a— 3| < 27194 /(a+73). Gappa proves

Can + 20 > 0.75, and since |z| < 0.5, 1 — 22 > 0.75 too, thus
a, > 1/0.75 > 0.866, and | — B| < 27194/(2.0.866) <
27104792 " Plugging into Eq. and using Eq. (L1), we

obtain:
’Ch +e—1— xz’ < 9101924

B. Approximation of sin(0)

13)

A double-double approximation v+d,, of sin(4) is computed

at lines As seen above, for |z| < 0.5, the integer j at
line E] satisfies 0 < j < 11. The analysis depends on the
precomputed constants Cy,, Cy, Sy, Sy at lines [T0] and We
analyze separately the case j = 0 since Gappa does not like
variables which are zero.
Case ; = 0. This case may happen when z, < |z| <
0x1.92155f7a366b7p-6. We then have C}, = 1, and
Cy = S, =S¢ = 0. It follows dg, = |x|, ds¢ = 0, Gappa
proves 0.999 < ¢, < 1.001 thus d., = ¢, — C}p, is exact,
dep = ¢p, Se = dse. = 0, Cy = O(O(|Qj| + M) — M) is the
upper part of |x| (rounded to a multiple of 27°), d¢, is the
lower part of |z| such that |z| = Cs+dgs, v = Cs, dyy = des,
thus v 4+ d, = |z|. We thus have exactly sin|j| = v + d, in
Eq. (7).

Let V = (Ch, + Co)|z| — (Sh + Se)(ch + ¢¢), and 6" =
sign(z)d. For 1 < j < 11, Gappa finds the bound (obtained
for j = 11):

|U + dv o V| < 27103.064'
The approximations Cj, + Cy of cos(jn/64) and Sy, + S, of
sin(jm/64) have an absolute error bounded by 27108:574 ¢
follows:

[V —sin(8')] < |Ch+ Cp — cos(jm/64)] - |z
+ [Sh+ S| - [en + e — V1 — 22
+ |Shp + Se —sin(jn/64)] - V1 — 2.
Since |z| < 0.5, the first term above is bounded by 27109574,
Since | Sy, +S¢| < 1, and |cp, + ¢ — V1 — 22| < 27101924 py

Eq. (13), their product is bounded by 27101924, The last term
is bounded by 27108:574  thus:
|V —sin(8')] < 27109-574 4 9=101.924 | 5-108.574 _ 5-101.902

Combined with the above bound on |v + d,, —

"U—de —sin(é')| < 2—103.064+2—101.902 < 2—101.369. (14)



C. Approximation of §

Lines compute a double-double approximation fj+ f,
of 4, from the approximation v 4 d, of sin(¢’). First, since
6] < 0.0246 and with Eq.(I4), we have |v + d,| < 0.0247,
thus after line 21} we have |v| < 0.025 and |d,| < 278,

Let us denote q(t) = cot + --- + c7t*® the polynomial
approximation of asin(¢) used in Algorithm AccuratePath.
After the muldd call at line [28] Gappa proves for t = v+ d,:

‘fh + fé _ Q(t)l < 2—106.759.

We now have:
|fot+fo=0] < |fn+ fo—a()|+]q(t) —asin(t)[ +|asin(t) —4].

The first term in the right-hand side is bounded by 2~106-759
from just above. Sollya bounds the second term over
[—0.025,0.025] by |q(t) — asin(t)| < 27198871 Since |t —
sin(§)| < 27101369 the third term is bounded by 27!01-369
multiplied by a bound for the derivative of asin(t) over
[—0.025,0.025]. This derivative is maximal at ¢ = $0.025,
where it is less than 1.0004, this yields a bound of 2101-369.
1.0004 < 27101:368 for the third term. Combining, we get:

|fh+fl *6| < 27106.759 +27108.871 +27101.368 < 27101.326'

At lines we multiply the integer j’, which lies in
[0, 64] (remember 0 < j < 32) by a triple-word approximation
of 7/64, with error less than 27%, Since j < 11 we have
21 < j' < 43. The constants involved in p; and p, are such
that the multiplication by j’ is exact. Since |j/| < 64, we
have |ps| < 279, thus the rounding error on p, is bounded
by ulp(2796) = 27148, The error from the approximation of
7/64 multiplied by j’ < 26 is bounded by 27149, thus after
line 31t

T _ _ _
|ph+p€+ps_]11|<2 148+2 149<2 147.415-

Gappa proves that the rounding error of calling Algorithm
Sum is bounded by 2—105.752 " thus after line

|pr + pe + ps — acos(z)]
< 2—101.326 + 2—147.415 + 2—105.752 < 2—101.260.

On line Gappa proves that the precondition |p,| < |pp|
of fasttwosum is satisfied, and the rounding error due to
fasttwosum is bounded by 27 1%, Finally, on line [34, Gappa
proves the rounding error is bounded by 27103, We thus have
for the final values p;, and py:

[P+ pe — acos(z)] < 27101260 | 9=104 | 9=103 - 9—100.724
(15)
Theorem 1: For any binary64 number z, |x| < 0.5, such
that acos(z) has less than 46 identical bits after the round
bit, if pj, + pe is the double-word approximation of acos(z)
computed by Algorithm AccuratePath, then o(py, + p¢) is the
correct rounding of acos(z).
Proof: Let y = acos(x). If y has less than 46 identical bits
after the round bit, then y is at distance at least 2~4"ulp(y)
from a rounding boundary z: |y — z| > 27*7ulp(y). Since

ulp(y) > 2723y, this yields |y — z| > 27190|y| > 27100,
since for |z| < 0.5, acos(x) > 1. Thus Eq. shows that
|pr +pe—y| < |y— 2|, i.€., pn+pe is closer from acos(z) than
any rounding boundary. It follows o(p, + p;) = o(acos(x)).
|

V. HARD-TO-ROUND CASES

During this proof, we realized that hard-to-round cases for
x < 0 were missing in the CORE-MATH test suite. Indeed,
since acos(—x) differs from +acos(z), it does not suffice to
compute hard-to-round cases for z > 0.
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